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ASYMPTOTIC FORMULAE FOR THE EIGENVALUES OF
A TWO-PARAMETER ORDINARY DIFFERENTIAL
EQUATION OF THE SECOND ORDER(")

BY
M. FAIERMAN

Abstract. We consider a two-point boundary value problem associated with an
ordinary differential equation defined over the unit interval and containing the two
parameters A and u. If for each real ¢ we denote the mth eigenvalue of our system by
An(w), then it is known that A,(u) is real analytic in —oo <up<oo. In this paper we
concern ourselves with the asymptotic development of A,(u) as g — oo, and indeed
obtain such a development to an accuracy determined by the coefficients of our
differential equation. With suitable conditions on the coefficients of our differential
equation, the asymptotic formula for A,(x) may be further developed using the
methods of this paper. These results may be modified so as to apply to A,(r) as
p — —oo if the coefficients of our differential equation are also suitably modified.

1. Introduction. Here we shall consider the linear system in the two parameters
Aand p,

(1.1) V') +A+pa(x)+9(x))¥(x) =0, 0= x
1.2 ¥(0) cos «—y'(0) sine = O, 0La<m,
(1.2) y(1) cos B—y'(1)sin B = 0, 0<B<my

and for the moment we shall assume that both a(x) and g(x) are real-valued,
continuous functions in [0, 1]. Then for each real u, the eigenvalues of (1.1-2) are
real and form a countably infinite set denoted by {A, ()} o, With Ag(n) <Ay ()< - -+,
lim,_, ., A,(u)=00, and where an eigenfunction corresponding to A,(u) has precisely
nzerosin (0, 1). For n=0, 1,.. ., A,(») is a real analytic function of u, —co <pu<o0;
so that in the real (u, A)-plane the sets {(u, A,(1)), —o0<pu<oo}, n=0, 1,..., form
a countably infinite number of disjoint analytic curves called the eigenvalue curves.
A great deal of literature is devoted to the study of these eigenvalue curves, and we
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refer to [1], [2], [3, Chapter 3], [4, Chapter 2], [5] and the references listed therein
for further information.

We shall from now on in this paper assume that a(x) € C,[0, 1] and attains its
absolute maximum in [0, 1] at only a finite number of points, and at each such
point a’(x)=0, a"(x) <0. Then in the sequel we shall always assume that u is real and
concern ourselves with the asymptotic behaviour of the eigenvalue curves as p — co.
Indeed, if we now agree to fix the integer m=0 and put 4=sup,<,<; @(x), then it
is the purpose of this paper to prove that there are numbers {A4; ,}3-; such that

(1.3) An() = —pA+p!PAy m+p!* Az m+ Agm+o(1)  as u— co.

We shall also give simple methods for determining the 4, ,,, i=1, 2, 3.

Before proceeding, we remark that if we assume a(x) € C4[0, 1] and attains its
absolute minimum in [0, 1] at only a finite number of points, and at each such
point a’(x)=0, a”"(x)>0, then the asymptotic development of A,(n) as u — —0
can be obtained directly once the validity of (1.3) has been established. For we
need only consider the analogue of (1.3) for the system

V()+@A+7b(x)+9(x)y(x) =0, 0=x=1,

and (1.2), where b(x)= —a(x), 0=x=<1, and 7= —p.

Now in order to explain our problem in more detail, we first point out the
motivation behind this paper. In his investigation of the asymptotic behaviour of
the eigenvalues associated with the generalized Hill equation, Strutt [5, §13]
reduces the problem of the asymptotic integration of this equation in an interval
containing two transition points in its interior, to the problem of the asymptotic
integration of this equation in two subintervals, with each containing precisely one
simple transition point in its interior (see [6], [7]) and then matching his solutions
in value at the meet and at the two remaining end points of the subintervals. Since
in the limit the two transition points coalesce, a little reflection soon shows that the
method employed by Strutt is not valid.

To show the connection between the problem considered here and the work of
Strutt, we make use of the fact (see §2) that with m as above and u>0, A,(w)
=(An(p) +pA)/u'? is positive and bounded for all p sufficiently large. Hence if
O0<h<1 and a(h)=A, then for each p sufficiently large the equation 4—a(x)
=p~Y2A,(n) has in a neighbourhood of A& precisely two solutions (transition
points) which coalesce to & as u — oo. If =0 or h=1, then of course we have only
one transition point. Hence if we now refer to (1.1) with A=A, (x) as (1.1.m), then
we see that an investigation of the asymptotic behaviour of A,(ux) as u — oo will
in some way involve the asymptotic integration of (1.1.m) in intervals containing
transition points of the kind discussed by Strutt.

This last remark is best elucidated by a description of the procedure followed in
this paper. If a(h)=A4 and 0<h<1, then we let 4 be the midpoint of a suitably
chosen closed subinterval of [0, 1] whose length tends to zero as u — o0 and such
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that for all p sufficiently large the two transition points associated with i (as
explained above) are contained in the interior of this subinterval. If a(h)=A4 and
h=0 or h=1, then of course we let % be the fixed end point of such a subinterval.
For p large, we add to the points of the partition of [0, 1], induced by the end
points of the above subintervals, the points x=0 and x=1, if they are not already
included; and if a(x)=A4 in more than one point, and if /#, and A, are two consecu-
tive points for which a(h,) =a(h,) = A, then we also add to the points of our partition
the point (h; +h;)/2. Hence for each large p we arrive at a final partition of [0, 1]
which induces a subdivision of this interval into a finite number (independent of )
of closed, nonoverlapping subintervals whose end points are consecutive points of
our partition, and with the property that each such subinterval contains precisely
two, one, or no transition points.

Now, unlike Strutt, we strive for uniform asymptotic formulae for the solutions
of (1.1.m) as well as their first derivatives in each of the aforementioned sub-
intervals. This is accomplished by using the usual techniques employed in the
asymptotic integration of differential equations in intervals of the kind described
above. That is to say, in an interval containing transition points we approximate
(1.1.m) by means of Weber’s equation, express a solution in terms of a parabolic
cylinder function and a correcting term, establish the integral equation for this
correcting term by means of the variation-of-constants method, and from this
integral equation obtain estimates for our correction; similarly for an interval not
containing transition points we proceed as above, but using the modified Bessel
equation and modified Bessel function in place of Weber’s equation and parabolic
cylinder function, respectively. For further information we refer to [8], [9], [10], [11].
If for large 1 we now match our solutions in value and in value of the first derivative
at the meet of two adjacent subintervals, and consider a solution in the subinterval
containing x=0 which satisfies the first statement of (1.2), and a solution in the
subinterval containing x =1 which satisfies the second statement of (1.2), then we
arrive at a certain equation involving A, (r), which we shall call our main equation,
that enables us to verify (1.3).

As can be seen from our above remarks, no great difficulty is encountered in
arriving at our main equation, although the task is quite laborious. Similarly, by
arguing with our main equation, it is not difficult to show that there exist numbers
A m, i=1, 2, 3, such that A,(u) exhibits the asymptotic development given in (1.3).
Where the difficulties do arise is in determining the A, ,,. Before pointing out these
difficulties, we first wish to remark that the determination of 4, , depends only
upon m and the value of a’(x) at each of the points in [0, 1] at which a(x)=A4.
Now let a(x)=A at precisely the finite set of points 4, r=1,...,p, p=1, 0<h,
<hy<---<h,=1, and put b,=—3xd?%a(h)/dx? r=1,...,p. If p=1, or if p>1
and if for i, j=1, ..., p and i#}, (b;/b;)*'? is not the quotient of two odd integers,
then 4, , can be readily determined by the standard technique of investigating the
asymptotic behaviour of an eigenfunction of (1.1-2) corresponding to A,(u).
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Moreover, for these cases, no more than a knowledge of A, , is required for the
determination of A, , and A, ,. However, if p> 1, and if for some pair (i, j), i #}/,
(b,/b;)*'? is the quotient of two odd integers, then we are immediately faced with
certain difficulties. Firstly, the technique used above in determining 4, , is no
longer applicable. Secondly, a knowledge of A4, ,, does not necessarily supply us
with all the information that is required to determine A, , and A3 , Indeed to
elaborate on this second point, we shall show in the sequel that if 4, >0 and A,<1,
then a knowledge of 4, , always determines (1) a nonnegative integer p* not
exceeding (p—1), (2) numbers w;, i=0, ..., p*, which are not necessarily distinct,
and (3) a set P(m) of (p*+ 1) consecutive nonnegative integers containing m, and
such that for each N € P(m), {Ay(n) +pAd — p''?A4, ,} tends to precisely one element
of B as p — o0, where B is the subset of the reals whose elements are precisely the
w;. This shows that 4, ,=0; but if p*>0 and at least two of the w; are distinct,
then in order to determine A; ,, we must first answer the question: how can we
distinguish between different eigenvalues as p — o0 ?

We shall now give an outline of the work done in this paper, and in the process
show how the problems stated above have been resolved. In §2 we introduce
certain preliminary results and terminology. In §3 we consider the case where a(x)
attains its absolute maximum in [0, 1] at precisely the point A;, where 0<h, <1.
Then for large u we construct a fundamental set of solutions for (1.1.m) in each of
the intervals 0Sx<h,—H(u), hy— H(p)<x<h,+H(u), and h+ H(u)<x=<1,
where H(u)=p~%1%/(4b,)"*; and in-the manner explained above we obtain the
asymptotic development of each such solution and its first derivative at the end
points of its relevant interval.

In §4 we consider the case where a(x)=A at precisely the points i, r=1,..., p,
pz21,0<h <---<h,<1;and for >0 and b, as before, we put

v(p) = {(Au(w)/2(6)") =3}, r=1,...,p.

Then using the results of §3, we establish our main equation, which is just (4.1) if
p=1, and (4.3) if p>1. In Theorem 4.1 we consider the case p=1; and since it is
known that lim,_ , v;(u)=m, we then argue with (4.1) and the inverse function
theorem to determine the 4; ,. Assuming now that p>1, and using the fact that
the »,(r) are linearly related (see (4.2)) we then argue with (4.3) in Theorem 4.2 to
show that as u — o0, (1) tends to a finite limit, denoted by »,(c0), r=1, ..., p, and
at least one such limit is an integer. Now from the definition of the »,(r), it follows
that the (b,)"2(v(0)+3%), r=1,..., p, are all equal and 4, ,=2(b,)"'*(v(00)+1%);
hence once the v,(c0) are determined, then so is A4, . In Theorem 4.3 we consider
the case where for i, j=1,..., p and i#j, (b;/b))'"? is not the quotient of two odd
integers. For this case precisely one element of the set {»,(c0)}f-, is an integer, as
can be seen from the linear relationship connecting the »,(c0). Hence we can deter-
mine the »,(c0) from the known properties of the real zeros of the parabolic cylinder
functions, since for arbitrarily large values of u the m zeros of an eigenfunction of
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(1.1-2) corresponding to A,(x) which lie in the interval (0, 1) must all be arbitrarily
near the h,, and about each #, this eigenfunction may be approximated by a
parabolic cylinder function. Indeed in Theorem 4.3 we show how the v,(c0) may be
determined by solving certain equations in integers. With the »,(c0) determined,
and using the fact that only one such element is an integer, we then argue with
(4.3) and the inverse function theorem to determine 4, , and A; .

For the remainder of §4 it is assumed that for at least one pair of integers (i, j),
i#], (b;/b;)'2 is the quotient of two odd integers. Since now more than one element
of the set {v,(c0)}?_; may be an integer, the technique used in Theorem 4.3 to deter-
mine the v,(c0) is no longer valid. In Theorem 4.4 we show how the v,(c0) may still
be determined. Here we replace a(x) in (1.1) by a suitable function a(x, t), t>0,
chosen so as to ensure that for all 7 sufficiently small precisely one element of the
set {v,(co, 7)}f-, is an integer, where v,(c0, 1) is the analogue of v,(c0) for our new
system. Then arguing as in Theorem 4.3, we determine the v,(co, t) for all ¢ suffi-
ciently small. The v,(c0) are then determined from the v,(co, t) by considering the
limiting process as t — 0. Also in Theorem 4.4, as in Theorem 4.3, we show how the
v(o0) may be determined by solving certain equations in integers. With the v,(c0)
determined, we consider in Theorem 4.5 the case where only one such element is
an integer; here we argue with (4.3) as before to determine A4, , and A3 ,. In
Theorem 4.6 we state how A4, , and A; , are determined for the case where (p*+1)
elements of the set {v,(c0)}?_, are integers, and where 1<p*=<(p—1); and the
remainder of §4 is taken up with the proof of this theorem.

Now in order to prove Theorem 4.6, we can no longer restrict ourselves to the
investigation of the asymptotic behaviour of just A,(x). To see this, we introduce
the (p*+1) numbers w;, where wo=w,; <--- <w,., which are completely deter-
mined by the v,(o0), the d’a(h,)/dx’, j=2, 3,4, and the q(h,), r=1,...,p. If we
denote by B the subset of the reals whose elements are precisely the w;, then we
show in Lemmas 4.1, 4.2, and the first part of Theorem 4.7, that there exists the
set P(m) of (p*+1) consecutive nonnegative integers containing m, and such that
for each N € P(m), {Ay(p)+pAd—p*'?4, ,} tends to precisely one element of B as
p — oo. This shows that 4, , =0, and we can also determine 43 ,, if all the w; are
equal; but if at least two of the w; are distinct, then we cannot determine A4, until
we have first shown how to distinguish between different eigenvalues. This is
precisely the problem that is taken up in Theorem 4.7; indeed if we denote the set
P(m) by {N,;+/}?Z,, then we assert in this theorem that M,(u)=2Ay, , (1) +pAd
—ut24; m=w;+o0(l) as p—> o0, j=0,...,p* To prove this theorem, we first
consider the case where the w; are all distinct, and establish asymptotic formulae
for the eigenfunctions corresponding to Ay(w), N € P(m). Then by utilizing the
orthogonal properties of the eigenfunctions, we show that the M ,(co) are all distinct,
where M;(c0)=1lim,_ ., M;(un), j=0, ..., p*. Since My(0)E M (0)< -+ = M,(0),
our theorem is proved for this case. If the w; are not all distinct, we replace g(x) in
(1.1) by a suitable function g(x, t), >0, chosen so as to ensure that for all ¢ suffi-
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ciently small, wo(2) <w;(t) < - - - <w,.(¢), where wi(t) is the analogue of w; for our
new system and lim,_, wi(1)=w,, i=0,..., p*. If for each N € P(m) we denote by
Ax(p, t) the analogue of Ay(u) for our new system, then from above we see that for
J=0,.. ., p* Ay i, 1)+ pA—pr'2A4; n=wi(t)+0(1) as p — oo for all ¢ sufficiently
small. The proof of Theorem 4.7 is completed by considering the limiting process
ast—0.

In §5 we assume that a(x)=A at precisely the points A, r=0, 1,..., p, where
p20andO0=hy<h; <--- <h,<1.Thecase a=0is treated in subsection 5.1 and the
case a0 in subsection 5.2. The arguments employed here are similar to those of §4.

In §6 we assume that a(x)= A at precisely the points A, r=0, ..., (p+1), where
pz0and O=hy<h;<---<h,,,=1. The case «=0, 8=~ is treated in subsection
6.1 and the case «=0, B# = in subsection 6.2; while the case «#0, B#7 is treated
in subsection 6.3 and the case «#0, 8= in subsection 6.4. The arguments em-
ployed here are similar to those of §4.

Referring to (1.3), we wish now to state that essentially five different forms of
this equation appear in the analysis. In one form 4, ,,=0and 43 , does not depend
upon « nor f; and this is always the case if a(0)< A4 and a(1)< 4. If a(0)=A4 and
a(l) < A4, then another two forms may appear, one for the case «=0 and another
for the case « #0. Finally if a(0)= A4 and a(1) = 4, then two more forms may appear,
one for the case = and another for the case B#m.

We wish also to state that (1.3) is valid as an asymptotic formula, that is to say,
with suitable conditions on the coefficients of the differential equation (1.1), we
may use the methods of this paper to further develop this formula. Indeed we assert
that A,(n) can always be developed to an accuracy determined by the coefficients
of our differential equation. To see this, we first observe that the asymptotic
formulae for the solutions of (1.1.m) given in §3 may be further developed for
suitable a(x) and g(x). If for simplicity we now restrict ourselves to the discussion
of the case considered in §4, then this last remark implies that the expressions on
the left-hand side of (4.1) and (4.3) may be further developed for suitable a(x) and
q(x). Hence if p=1, or if p>1 and precisely one element of the set {v,(c0)}?_, is an
integer, then our assertion concerning A,(u) follows directly from an application
of the inverse function theorem. Referring to Theorem 4.7, we see that if p> 1 and
at least two elements of the set {v,(c0)}?_, are integers, then our assertion concerning
An(p) can also be demonstrated either by arguing directly with our eigenfunctions
(if certain conditions are satisfied) or by replacing (1.1) by (4.23) and considering
the limiting process. In this latter case, of course, the choice of the function g(x, ¢)
given in (4.23) will depend upon the accuracy to which we are developing A, (u).

We now compare our results for system (1.1-2) with the known results for the
Mathieu equation (see [12, pp. 111-112 and p. 126]). If we take a(x) = —2n2 cos 2nx
and «=pB=m=/2, then the eigenvalues, {a,(1)};-¢, of the Sturm-Liouville problem
for the even Mathieu functions are given by a,(u)=7"2A,(u), n=0, 1, ...; hence
from Theorem 4.1 we see that a,(u)= —2u+22m+ 1)p*'2—2m2+2m+1)/4+0o(1)
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as u — 0. If we take a(x)= — (7?/2) cos n(1 — x), «=0, and B==/2, then the eigen-
values, {@s, (1)} -0, Of the Sturm-Liouville problem for the even, half-periodic
Mathieu functions are given by a,, ., ,(x)=7"2X,(n), n=0, 1, . . . ; hence from Theo-
rem 5.1.1 we see that ag, ()= —2u+2(4m+3)ut’2—(8m2+ 12m+5)/4+o(1) as
n—> oo. If we take a(x)= —(7?/2) cos m(1 — x) and =B =m=/2, then the eigenvalues,
{azn(p)}2- o, of the Sturm-Liouville problem for the even, periodic Mathieu func-
tions are given by a,,(u)=7"2A,(n), n=0, 1,...; hence from Theorem 5.2.1 we
see that ag,(u)= —2u+2(@m+ 1ut2—Bm2+4m+1)/4+0(1) as p—oo0. In all
cases our results are in agreement with the known results.

Finally, the author wishes to express his gratitude to Professor F. V. Atkinson
for his criticisms and suggestions.

2. Preliminary results and notation. As stated in the introduction, we shall in
the sequel consider the nonnegative integer m fixed (unless otherwise stated) and
concern ourselves in this paper with the behaviour of A,(u) as p — 0. For u>0,
we put as before A,(p)=(An(n)+pd)/ut'?, where A=supg<,<; a(x); then there
are numbers p,, and A,,, both greater than one, such that for u= u,, 0< A, (k) < A,
([3, Chapter 3], [4, p. 135]). We also remark that here and in the sequel positive
roots of positive numbers are always taken.

If r is a nonnegative integer, 0 <h, <1, and a(h,)= A4, then we shall put

b= —a®(h)2,  bF = @632, b = a¥(h)/1920,
b = —QaOU)1260), ¢ = BB, dy = —B(b),

and for p>0, v,(u) ={(An(r)/2(b,)"'2) -1}, where a?(h,)=d’a(h,)/dx’, j=2, 3, 4. In
the sequel we shall for convenience of notation frequently omit u and write v, in
place of »,(x); we also note from above that v, is bounded and greater than — for
w2 pn. For >0 let W*(1)=Y(r+4)—¥(¢), where ¥(¢) is the logarithmic derivative
of the Gamma function, I'(#) (see Appendix I). Then for nonnegative integer n and
0<y <, we shall also put

Gia(r, n) = (6,)"2(2n+1),
Gy,o(r, n) = —[2bF(30n2 + 301+ 11) + 6b}(2n% + 2n+ 1) +q(h,)],
Gz,(r, n) = (b)"*(4n+3),
Ga,o(r, n) = (32b%/3m)(D(n+3/2)/n")(4n+3),
G, 5(r, n) = —[2b*(120n2 4 1801+ 71) + 6b}(8n2 + 12n+ 5) +q(h,)
— (5126} (4n+3)/972) (T (n+ 3/2)[n )24 + (4n+3)¥*(n+1))],
Gs,a(r,n) = (b,)*(4n+1),
Gs.o(r, 1, v) = (@/m)(D(n+1/2)[nY)[(b7/3)(32n% + 161+ 3) +((b,)1*/2) cot y],
Gs5(r, n, y) = —[2b¥(120n% + 60n+ 11) + 6b1(8n% +4n+ 1) +q(h,)
—(8/7*b,)*)(L'(n+3)/n!)?
x {(8b%/3)(4n+ 1) — (3){(67/3)(32n2 + 16n+3) +((b,)"4/2) cot y}
x¥*(n+1))
x {(b%/3)(32n% + 161+ 3) + ((b,)M'4/2) cot y>].
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3. Asymptotic representation of solutions.

3.0. Introduction. In this section we shall consider the differential equation (1.1)
not only under the conditions stated in the introduction, but with the further
restriction that a(x) attains its absolute maximum in [0, 1] at only the point 4,,
where 0<h, < 1. Furthermore, throughout this section, we shall keep the non-
negative integer m fixed (see above) and consider (1.1) with A=A, (r). Indeed in the
sequel we shall refer to (1.1) with A=A, (r) as (1.1.m). For convenience of notation
we shall drop throughout this section also subscripts and write 4 for Ay, b for b,,
¢ for ¢,, d for dy, and v for v, (see §2).

We now define on [0, 1] the function 6(x), obtained by putting

0(x) = {(4—a(x))/(x—h)*b}

if x#h, and 6(h)=1. Then O(x)=1+e;(x—h)+ X(x)(x—Hh)? in [0, 1], where
X(h)=e,, e;=4c(4b)*'%, and e,=8d(b)''?; we observe that X(x)e C[0, 1] and
0(x) € C,[0, 1]. For the remainder of this section it will be assumed that

B2 % = max {um, (B0 7%, 3672 +5712)(24An0~ 54 [1+40])°%,
where p,, and A, are defined in §2,
6 = inf 6(x),
1

0sxs
ot = { sup |0'(x)|+ sup H(x)}
0=x=s1 0sx=s1 ’
ht = min {h/8, (1—h)/8}.

Finally, here we shall concern ourselves with the integration of (1.1.m), and shall
proceed in the manner as explained in the introduction; we might observe that we
are now dealing with a problem involving precisely two transition points, both
lying in the interval |x —h| < p=3/16/(4b)*%. In subsection 3.1 we construct a funda-
mental set of solutions, y;(x, x) and y,(x, u), for (1.1.m) in the interval |x—A]
S u~318/(4b)'4, and obtain asymptotic formulae for these solutions and their first
derivatives at the end points of this interval. In subsection 3.2 we construct for all u
sufficiently large a fundamental set of solutions, zg(x, x) and z,(x, p), for (1.1.m)
in the interval A+ ~316/(4b)*'* < x <1, and obtain asymptotic formulae for these
solutions and their first derivatives at the end points of this interval. And in sub-
section 3.3, we construct for all u sufficiently large a fundamental set of solutions,
zy(x, 1) and z,(x, p), for (1.1.m) in the interval 0= x < h—p~316/(4b)!/%, and obtain
asymptotic formulae for these solutions and their first derivatives at the end points
of this interval. And as explained in the introduction, it is precisely these results
which will be used in the sequel to verify (1.3).

3.1. The interval |x—h|<u~53%/(4b)*'*. We shall now construct a fundamental
set of solutions for (1.1.m) in the interval |x —hA| < u=%%/(4b)*'*, and obtain asymp-
totic formulae for these solutions and their first derivatives at the points x=h
+ p~3116/(4b) % ; we shall also throughout this section use the results of Appendix I.
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To this end, we fix our interval by putting &=(4b)Y*(x—h)u318, Y(¢&)=y(x),
#(£)=0(x), q:(§)=q(x). Then (1.1.m) becomes
Y'()+((v+ D! —pl*E2[4) Y (€) = f(§, w) Y (§),

—1=2¢é=1, '=ddé
where f(¢, p)= —q,(é)u=%8/2(b) 2+ £2ut'*(p(€)— 1)/4. From Appendix I, we are
led to consider a fundamental set of solutions of (3.1.1) in the form, Y,(¢, w)
= the complex conjugate of Y;(¢, ),

Yi(§ w) = Ui )1 +u(é, )], -1
uy(0, u) = u3(0, ) = 0.

We will now consider the interval 0= ¢=<1. Then on substituting (3.1.2) into
(3.1.1) we have

G.1.1)

IIA

(3.1.2) .

4
(3.13)  w(é ) = Ur2(u'%,v) f S, U0t v) (1 +uy (1, w)) dt,
0

and hence u,(¢, 1) satisfies the Volterra integral equation

& &
(.14) w(é ) = j K&, 1, 1) dt+[0 K&t wd, O0<EsI,

where

K(& t, w) = n= (e, WU, v) Us(p*'*%t, v)
— Us(u!%¢, v)UR(u**%t, v)| Uy (u*196, v)].

From Appendix I it is readily seen that |K(&, ¢, p)| SKin 0=t €1, u2 u*, where
K is a positive constant; and so it follows that for u=pu* equation (3.1.4) has a
unique solution in this interval which may be obtained by the usual method of
successive approximations. We will then represent u,(¢, ) by the convergent series
(€, W) =270 va(é, w), 0L €1, where vo(¢, w) =[5 K(&, t, p) dt, and, for n=0, 1,
2, (& p)=[5 K(&, t, p)vu(t, p) dt, and pass to the asymptotic representation
of uy(1, ). Putting s=p15¢, we have, for 0 <s <!/,

ol 1) = =20 [ au)| Ut 900 - D 3 )| a

+CM'”4J 13[U1(t, v)Us(t, v)——(% Ui, V)] dt

0

+du-12 fos t4[U1(t, v)Us(t, v)— gjg’ 3 Ui, V)] dr

s U .
80 [ (0 -0t Uit Ut - 542
where g4(1) =q(x), X,(t)= X(x), and t=(4bp)*(x—h). So from Appendix I we see
that, as p — 00, vo(¢, n)=O0(r "), uniformly in 0 ££1,
R1vo(1, ) = cp™M19[3+ 200 =218 + [(3d —dcA,(v))/12]n M4 + o(p = 1%),
Im vo(1, p) = cAa(v)u™"[3 4 [Ex(v)q(h)[2(b)"% — dBy(v)]p =12 + 0(u = 112).

vz, v)] d,
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With the same notation as above we also have

s t
vl(ga f"') = Cdl"_SM J; t4U1(t’ V) Ua(t, V)(f 73 UI(T’ V) U3(T, V) dT) dt
0

et [ ta[ul(t, DUt ) - 252D w2, v>]

[]

% U3, v)] df> dt+R(E, ),

where, as u — 00, R(¢, p)= O(x~%%) uniformly in0 £ ¢ £ 1 and Im R(1, ) = o(u~*/?);
hence, as p — 00, v;(¢, u)=O0(n~1/®), uniformly in 0 £=1,

Rl v,(1, ) = 2= 18/18 4+ c2(8v—3)u~14/12+ o(u~11%),
Im vy(1, ) = c2A,(v)p %189+ 2c2v A, (v)p " "*8/3
+ [c3(9C(v) — A1 () A5(»))]9 + cdA(v)[12]w~ Y2+ o( = 112).

In a similar manner it is readily seen that, as u— 00, v,(§, p)=0(u-Y+V/16),
uniformly in 0= ¢£<1, j=2,...,8; and

R1 v5(1, p) = c3u318/162+o(n" ),
Im vy(1, p) = BA,(v)u~%8/54 4 38y — 3) A, ()~ 1/2/36 + o(u = 1?),
R1 vg(1, ) = c4u—14/8 x 35+ o(u—11%),

Im vg(1, ) = c* A= "18/2 x 35 + o (= 112),

Im vy(1, 1) = S A0~ 12/8 x 36+ o(~1/2),

t
X 73[U1(79 V)U3(7" V)_'
0

and
Im vl(l’ I"') = 0(/"‘—1/2)9 .] = Sa 6s 7.

From above we see that there is a p; such that for p=p,, |vs(¢, p)| = Kypu~915,
uniformly in 0= £<1, and where K is a positive constant; hence we see that for
p2p and 0SE1, |ve(é, p)| S KK €n%%%, and in general, for n28, |v.(¢, )|
SKp98(KE~8/(n—8)!, and s0 Do |va(é, 1)| £ KieXp %16, Thus referring back
to our interval |x—h| <pu~316/(4b)*/%, and taking here as our fundamental set of
solutions for (1.1.m), yi(x, p) = Y1(&, ), yao(x, u) =the complex conjugate of y;(x, u),
we have, as p — o0,

Yilh+pu~18/(4b)14, 1)
= pO*tDI6 exp {im(y+ 1)/2+ pt/8/4}
 [(1+cp= 263+ (92 + 2Tv + 18+ c2)u~1%/18
+ (2702 + 4050 + 54+ c)u~%/16/162
+[c/8 x 3%+ 202 + 2Ty — T)[36 — c A1 ()3 + dJ4 + (v + 1)/8]u /4
+o(p=1%))
FiCcAL @) 3+ Ay 5189 + c AL () (92 + 2Tv + 18 + B~ 18[54
+ 2 A, (V) (2Tv% + 4050 + 54+ c)p = "118/486
+ [c5A5(v)/8 x 38+ 3 A,(»)(v2 + 2Tv — T)/108
— A4, (1) 42(v) —9C2(»))[9 + cAx(V)(v+ 1)4/24 + cd A5(v)/12
—(dBy(v) —q(h) Ex(v)[2(b)* )]~ 2 + o(u = 12)}],
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and similarly

Yall— =S| 4B, )
= O+ exp Lin(y+1)/2+ pl/8/4}
x [<1— cp=8/3 + (92 + 27w+ 18+ c2)u~118/18
—c(2Tv? + 4050 + 54+ )~ 3/1%/162
+[c4/8 % 35+ (2 +2Tv— T)c?/36 + c A1 (v)/3 + /4 + (v + 1)y/8]u~ 1/
+o(u~14))
+ic Ay Y43 — 2 Ay~ 511%)9 + c Ay(v) (9 + 27w+ 18 + ) ~3/8/54
— ¢4, (V) (2Tv% + 4050 + 54+ )~ "118/486
+ [c5A5()/8 % 38+ B A,(v)(¥* + 2Tv— 7)/108
+¢%(A41(v)42() —9Co(»))/9 + cAx(v) (v + 1)4/24 + cd A4(v)[12
+(dBo(v) —q(h) Eo(v)[2(b)?) ]~ 2 + o(p ™ 12))].

We now find the asymptotic expression for the derivative yj(x, u) at x=h
+u=318/(4b)1/%, Put

&
W&, ) = | St U1, 5)

S

wi(é, p) = J e:f(z‘, wUE(u8t, v)v, _1(t, p) dt, i=12,...;

0

then from (3.1.3) and the above results we have

7
ui(l, ) = Q)+ UT2(w*%,v) > wi (1, p),
i=0

where Q(u)=0(n~"1%) as pu — o0. It is readily seen that, as u — o,

B0 (1, ) = O+ exp {—im(y+ 1) +u20/2)

X [Ccp™ 19+ O(u=4)> +i<O(u~12)>],
01, ) = OO exp {— iy + 1)+ u20/2)

X [<c2u™319/3 4 O(u=114)> +ic2 A5 (v 2/8/3 + O(u~112))],
B 1Ow(1, ) = = DI exp { — im(y+ 1) + %2

X [0(#—1/4)+l‘<03A2(V)#—7/16/9+0(“-1/2)>],

and
RI{p=1%w,(1, W} = O(u~"*), Im{p~w(l, u)} = O(w~1?), i=3,...,7;
thus

w1, ) = pHO[Cep 1+ 2193 + O~ 14
A3+ P A)p™ 119 + O(u~ 1))
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Hence we see that, as u — o0,

Vit =S (4B, )
= 1(4b)4u— -6 exp { —im(v+ 1)[2 + p2/8/4}
x [{14cu=118/3 4 (92 —9v— 18+ c2)u~1/8/18
+c(27v2+297v + 270+ c?)p ~3/16/162
+[c*/8 x 3%+ c2(v2+23v +13)/36 — cA,(v)/3 + d[4+ (v —4) (v + 1)5/8]p ~ 1/ .
+o(u=%))
+ilcA; (M 43+ 2 A,(v)n 5189 + c Ao (v) (w2 — v — 18 + cF)u 31854
+2A,(V)(2Tv2 +29Tv + 270+ ¢~ "116/486
+[c®Ao(v)[8 x 35+ B A (v)(¥2+23v+13)/108
— X (A41(1)42(0) = 9C(»))[9 + cAx(W) (v — ) (v + 1)5/24 + cdA5(v)[12
—(dBy(v) —q(M) Ex(»)[2(6)2) ]~ V2 + o( = %)) ],
and similarly

Vilh—p=21%)(4b)", )
= —1(4b)eu = DI16 exp [im(y+ 1)/2+ uV/8/4}
X [K1—cu= 11834+ (9% —9v— 18+ c?)u~1/8/18
—c(QTv?+29Tv + 270+ c?)u—8/16/162
+[c*/8 x 35+ c2(v2 +23v +13)/36 + cA,(v)/3+ d[4+ (v —4) (v + 1)5/8]p " 1/*
+o(u=))
+idcA()p~ 143 — 2 A, ()~ %18/9 + cAo(v)(9v2 — v — 18 + cH)u ~318/54
—c2A4,(V)(2Tv? +29Tv + 270 + c?)p ~"116/486
+ [c®A5(v)[8 x 35+ 3 A, (v)(v2 +23v + 13)/108
+ (A1) As(v) —9Co(»))/9 + cA(V)(v —4) (v + 1)3/24 + cdA5(v)[12
+(dBy(v) —q(h) Ex(v)[2(6)*)] ™2+ o( ™ %)) ).

3.2. The interval (h+p~31%/(4b)Y*)<x=1. We shall now construct a funda-
mental set of solutions for (1.1.m) in the interval (h+p~3/1%/(4b)**)<x =1 for all
sufficiently large values of u and obtain asymptotic formulae for these solutions
and their first derivatives at the points x=/+3~%6/(4b)}'* and x=1; we shall also
throughout this section use the results of Appendix II. To this end put x,(u)
=h+p~318)(4b)14, xy(u)=h+p~11%/(4b)*%, and for each u, let x,(n) be the
unique point such that b(xo(u)—h)20(xo(w))=p " Y2A,(n), h<xo(n)<xi(n); and
for the interval xo(n)<x=1, put r(x, u)=(x—h)20(x)—pn"22A,(n)/b, I(x, n)
= 0w T2t p) dt, and w(x, u)=(4b)"*I*?*(x, p); and for the interval x,(n)
=x=1, put f(x, W)=q(x)+ W (x, W) d*[(W'(x, n))~V*]/dx?, '=d|dx. Writing
(1.1.m) in the form

V() + (2 An(p) — pb(x — h)20(x) +q(x) —f(x, w) y(x) = —f(x, w)y(x),
xi(p) = x =1,
we are led from Appendix II to consider a solution zz(x, u) of (3.2.1) in the form

za(x, 1) = (W%, ) U w(x, )1+, ),
uy(x1(p), p) = ui(x1(p), p) = 0.

(3.2.1)

(3.2.2)
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Substituting (3.2.2) into (3.2.1) we have

uy(x, w) .
G23) o W, U, w) | A W)W (1 0) T U2, ) d,

x1(1)

and hence u;(x, p) satisfies the Volterra integral equation

X x

(G24) ux,p) = j K(x, t, ) di+ f KGo, () dt, xy(w) < x < 1,

x1(m) x1(u)
where
K(x, t, p) = —p~V4(t, w)(W'(t, p)~*
x [Ur(u**w(t, p)) Us(p'/*w(t, 1))
= Us(u'"*w(x, W) U (u"*w(t, p)/U(ut*w(x, p))).
Since

S, ww'(t, p) = (8(4b)*") T IV2(t, w)X16(r (1, 1))~ 2q (1) + 5(r (1, ) ~>'2
X (r'(t, W))* —4(r (8, W) ~22r" (1, 0)>
=3(r (e, W)U, W) 22,
" = dfdt,

and for x;(W)Sx=1 and pZp*, a,(t—h)2=r(t, p)Sa(t—h)?, as(t—h)?<I(t, p)
Sa,(t—h)%, and |r'(t, p)| Sas(t—h), |r'(t, p)| Sae, where a; is a positive constant
i=1,...,6, we see from Appendix II that |K(x, t, u)| S R(t, p) = Bu~V4(h—1)"2,
in x;(p)<t<x=1, pzp* and where B is a positive constant, and where we also
observe that [, R(t, u) dt < B* for p2 p*, where Bt is a positive constant. Hence
it follows that for each u equation (3.2.4) has a unique solution in this interval
which may be obtained by the usual method of successive approximations. We will
then represent u,(x, 1) by the convergent series u(x, p) =2 o va(x, ), x;(0) S x L1,
where vo(x, w) =7 ,, K(x, t, p) dt, and for n=0, 1,.. .,

x
Uny 1(xa F') = K(x, A ,U.)l),,(t, /J') d,
x1(u)
and pass to the asymptotic representation of u,(1, w).
First, it is readily deducible that, as u — oo,

2x—h)"2U(x,pn) = 1—(b)"Y2(v+1/2)(x—h)~2
x{14+2log(x—h)+log2+(logp)/2—log ((v+1/2)/(b)/?)pu—1/2
+ey(x—h)/3+@+1/2)%(x—h)"*u"1/2b
+ei(v+1/2)(x — k)~ 12[(b)V2 — (e —de5)(x — h)*/16
+((+1/2)/(B)"*)P(x — h)~°u~2[4+ o((x — h)?),
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uniformly in x;(u) S x S xo(w);

B2\, ) = fh (A—a(x))"? dx—((v+1/2)/4)~"* log

—((v+1/2)/2) Ll 0-32(x)8'(x) log (x—h) dx

+@+1/2)(A—=h)(b/(A—a(1)))? log (1 —h)+((v+1/2)/2)
x [1—log (v+1/2)+1log 2+ (log b)/2] > ~1/2
Fo(u);

S(r e, 1) (0 G, 1)) = 40, )5, 1)+ 1607 (x, 1))
= 12(r—K) S +T6((0+1/2)/BY2)x— h) "%+ O((x— )2,

uniformly in x;(p) < x < x,(u); and

3(r(x, kYR (x, p) = 12(x—h) 2+ 12((v+1/2)/(6)"'?)
x{1+4log(x—h)+2log2+log u—2log ((v+1/2)/(b)3)>
X p" Y3 (x—h)~?+O((x—h)~2),

uniformly in x;(u) < x < x5(u).
We will now proceed with the calculations for vy(1, u). First, put

Ii(x, p) = -#'1'4Jx Ur(p!*w(t, ) Us(utw(t, w))(f(t, w)/w'(t, w)) dt;

x1(u)

then, for x;(u) < x < x,(pn),

X

I(x, w) = —(u™12/32(6)"') 8(4b)M4I ~2(t, W)(f (8, W)W (1, ) dit

x1(u)

e fx:u) [Us"w(t, 1) Ut wit, 1) =32 4wty 1) 7]
X (f(t, w)W'(t, ) dt.
Hence from above and Appendix II we see, as u — o0,
L(x, p) = —(u12[32(0)"")
| [ 12e—hyo4 766120050 e

+3U e, )~ (), ,L))] To(u-1),

uniformly in x;(p) < x < xy(p); thus I1(x, p)=O(r~"* log k), uniformly in x,(u) < x
= xg(w), and

I (x2(w), 1)
= (3/32)(v+ 1/2)u Y% log p— ((v+ 1/2)/8)[13 +6 log (v + 1/2)]u~ 1% + (s~ 11%).
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For x,(w)<x=1, it is readily observed that I (x, p)=I(x2(u), p)+o(n=1*) as
p — oo, uniformly in x,(x) £ x=<1. Now put

Iy(x, p) = p~ V4(Us(u!*w(x, )/ Ur(p*"*w(x, 1))

Xfx UR (" *w(t, W), ww'(t, w) dt;

x1(1)

then from above and Appendix II we see that there is a u, such that, for p=pu,,
|Lo(x, p)| £ Biyp~Y2F(x, p), x1(p) £x =1, where B, is a positive constant, and

F(x, p) = exp {—2(bp)**I(x, p)} exp {2(bp)2I(t, p)}(t—h)~2 dt.
x1(1)
Integration by parts shows that F(1, u)= O(n~'2) as u — o0; and also we see that
Supxl(u)§x§1 F(x, il')= 0(:“‘1/4) as p —> 0. Therefore, as p — o0, Iz(x, F’)= 0(:”'—1/4)’
uniformly in x;(u)<x=<1, and I(1, p)=0(n"1). Hence since vo(x, u)=1I(x, 1)
+I(x, p), we have, as p — 00, v4(x, p)=O0(n~*"* log x), uniformly in x;(u) = x =1,
and

vo(l, p) = (3/32)(v+ P log u—((*+3)/8)(13+6 log (v + )k~ ** +o(u ™).

From the above and Appendix II we see that there is a u, such that for p=pu,,
|K(x, t, p)| S Bop=Y2(t—h) =% in x,(p) StS xS 1, |vo(t, )| S Bop ™V log o in xy ()
<t=1, and where B, and B; are positive constants; hence for p=p, and
x)=x=1,

o1(x, w)| < Bap~' log I‘(le-‘_”zf (t—h)“sdt) = ByJ(x, p)u~"* log p,

x7(u)

and for n=2,
|tn(x, p)| = Bap ™1 log pJ™(x, w)/n!,

and, therefore,
> [oa(x, W) S Byu~ ¢ log p(@=»—1) = O(u~%®log u) as u— oo,
n=1

uniformly in x;(p) < x=1. We thus have, as p — o0,

ol ™45, 1)
= (T'(3/4)/(m)"'2(4b)"'®) F1 ()~ ¢
x [1+cpt*8/3 + (92 +2Tv+ 18+ ¢~ 1/8/18
+c(2Tv?+405v + 54 + ¢ =3116/162 + (3/64)(2v+ 1)~ log u
+Hy G4 o)

zy(1, p) = (@/)/2m)' )4 —a(1)) "Gy (W~ V4 (J1(w) +o(u ™)),
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where

Fi(p) = p=""% exp {—(v+1)/2+p"%/4+((+1)/2) log (»+ D)},
Gi(p) = p™""((40)""* exp {(1 - A)(b/(A—a(1)))"'? log (1 —h)}) =+ 12

x exp{((v+%)/2) log (v+3) + 2 fh (A—a(x)"2 dx

—((v+%)/2)fh 0~°%(x)6'(x) log (x—h) dx—(v+%)/2},

Hy(w) = (1/1152)[144v* + 144003 + (5040 + 32c2)v2 + (5328 + 8642w + 16¢2/27
—224¢2+288d+ 2520 — 864(v + 1) log (v +1)],
Ji(p) = 14+(3/64)(2v+ D~ log p— (26v + 13+ 12(+14) log (v +1))~11¢/16.

We will now pass to z3(x, n). From (3.2.3), and proceeding as in the calculations
for I(x, u), we see that uj(1, p)=0(n"*'2) as u — c0. Hence, as p — oo,

z3(h+p~28/(4b)1", 1)
= (DG/4)/2(m)"*)(4b)" Fy(p)u'*
x [1+cp=118/3 4 (9% — 9y — 18+ c2)p = 1/8/18
QT2+ 29Ty + 270+ c2)p=3118/162 + (3/64)(2v + Dp=Y* log p
+ Hy(p ™ +o(p 1),

z3(1, ) = (TGB/4)/(2m) 2)(A4 — a(1))*G1 () *(J1 (k) + o( " 114),
where

Ha(w) = (1/1152)[144v* + 2885 — (1872 — 32¢2)? — (7344 — 736¢2)w + 16¢2/27
+416¢2+288d— 4392 — 864(v+1) log (v +3)].

As a second solution to equation (3.2.1) we consider

z4(X, ) = (W'(x, w)) "2 Us(p?"*w(x, w))(1+uz(x, 1)),
uy(l, p) = ux(l, ) = 0,

and proceeding precisely as above we have, as u — 00,

zo(h+p =318 /(4b)114, )
= 2(2/m)"*(L'(5/4)/(4b)* ') F1 *()
X [1—cpu= 1183 — (w2 —9v — c2)u~118/18
+ QT2 =351y — 324 — ¢ ~318/162 + Hy(w)p~ ¢ + o(u = 114)],
Zi(h+ O (4B, )
= — Q) AL (S AP (e
x [1—cp=18)3 — (92 +2Tv—cH)p~18/18
+ QT = 243y — 162+ Hy(p~ 4+ 0(u )
z4(1, p) = QT(5/4)/(m)'2)(A —a(1)) 4G H(w)(1 +o(n=11%)),
24(1, p) = —(20(5/4)/(m)2)(A — a(1)) 4G5 (u)p>(1 + o~ 112),
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where
Hy(r) = (1/1152)[144v* — 864v3 + (1584 — 32¢2)v?
— (864 —800c?)v + 16¢*/27 + 1056¢% — 28841,
Hy(n) = (1/1152)[144v* + 288+% — (1872 + 32¢2)v?
+(1440+672¢2)v + 16¢*/27 +288¢2 — 288d].

If W denotes the Wronskian, we see that W(zg, z,)(n) = —pr4(J1 (1) +o(n %))
as p — 00; and hence for all sufficiently large values of u, z5(x, n) and z,(x, p) form
a fundamental set of solutions for (3.2.1).

3.3. The interval 0 < x < (h—pn~35/(4b)''*). Here we can proceed precisely as in
subsection 3.2 and for all sufficiently large values of u introduce a fundamental set
of solutions, z,(x, u) and z,(x, p), for the differential equation (1.1.m) in the
interval 0 < x < (h—p~31%/(4b)*). Then with the same notation as in subsection
3.2, we have, as u — oo,

zy(h—p~211%)(4D)"", 1)
= (0 (B )19
X [1—cpu= 11834+ (N2 +2Tv+ 18+ cH)u~1/8/18
— C(2TV2 + 4050+ 54+ cB)u-9/15/162 + (3/64)(2v + D~ % log
+H (R4 o),
24— = (45, )
= —(D@)/2(m)"2)(4b) ° Fy(p'*
x [1— cpu=1118/3 4 (92 — 9y — 18 + cB)u - 8/18
— 2TV + 29Ty + 270+ 2318/ 162+ (3/64) (20 + D~ '* log
+ Ha(pp ™ +o(p ™M),
240, 1) = (T A -a(0) #Golpps™ () + ol ),
20, 1) = — (D@2 — a0)*Gal)u* (s (1) + (=),

where
Galp) = p~"4(4b)!"* exp {A(b/(A —a(0))"* log k)= +12

X eXp {((v+%)/2) log (v+1%) +,u.1’2f0 (A—a(x))*? dx

+ ((V+%)/2)J;) 0=%%(x)0'(x) log (h—x) dx— (v + %)/2};

zo(h—p~318(4b)"*, 1)
= 2(2/m)"*(T'(3)/(4b)*®)FT *(1)
x [14cu=218/3 — (9% -9 —c2)u~1/8/18
—c(2QTv?—351v—324 — c?)p=31/162 + Hy(p)p Y4 + o(n~214)],
z5(h—p=%%[(4b)"1%, )
= (2/m)"?(4b) P T (3)F1 *(w)p®®
X [1+cpu=118/3 — (w2 +27v—c?)u~1/8/18
—c(2Tv?—243v — c?)u 319162 + H,(u)pu =14+ o(u~1%)],
23(0, 1) = L E)/(m)*)(A4 —a(0))~ ¢G5 (W) (1 +o( =),
230, 1) = QT(E@)/(m)?)(4—a(0))*G5 *(w)p"'?(1 + o(~*%)).
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4. Main results for the case a(0)< 4 and a(1)< A. In this section we consider
the case where a(x)= A at precisely the finite set of points {A,}?.,, where p=1 and
0<h, < --- <h,<1. Then throughout this section, unless otherwise stated, we shall
consider the integer m fixed as before and use the results of §3 to verify (1.3). We
shall see in the sequel the important role played in the analysis by the functions
vy=v,(n), r=1,..., p (see §2). Finally, throughout this section, as well as in §§5 and
6, the terminology of §2 will be used; and also in the sequel when we refer to the
set R we shall mean the subset of the rationals defined in Appendix III.

THEOREM 4.1. If p=1, then (1.3) is valid with A, ,=G; (1, m), Az ,=0, and
Agm=Gy,5(1, m).

Proof. We will write & for Ay, b for by, ¢ for ¢, d for d,, v for v;, and apply
directly the results of §3. Then for u=pu* (see §3), put

yL(x’ :u') = ['—COS 0622(0, M)+Sin OCZQ(O, f‘)]zl(x9 /"’)
+ [COS aZl(O, F’)_Sin OCZi(O, F’)]z2(x, ”’)a

y(x, ) = [—cos Bzy(1, p)+sin Bzi(1, w)lza(x, 1)
+[cos Bzy(1, p)—sin Bz3(1, wlzs(x, p).

Hence for an eigenfunction we must have, for all sufficiently large values of p,

yeth™,0) yi(h=,m) yo(h™, p) 0

yh™sw) k-, pw) yohmp) 0|
0 nh*,w) yalh*,m) vkt )|
0 Yih*,w) yih*,u) yah*, )

where h™ =h—p=318/(4b)*%, h* =h+ p~318/(4b)1/4, If we refer to the formulae of
subsections 3.1, 3.2, and 3.3 and put W(x)=2c2Cy(x) — 2dBy(x) +q(h)Ex(x)/(b)*'?,
then this gives

4.1 sin v+ 1)—pu YW (E)+f(n)) cos n(v+1) = 0,

where f(x)=0(1) as p — co. Hence we see that as u — 00, v must tend to an integer,
which is nonnegative from our condition on v, and this integer must be m ([4, p. 136],
[15, Theorems 2.1 and 2.2]). Putting v(w)=m + (), ‘we have for all u sufficiently
large, tan me(u)=p - Y2(W(m+e(w))+f(r)). For >0 put w(e, p)=tan me—
w-12W(m+¢); we observe that (1) for p fixed, w(e, p) is analytic in || <% and
{w(e, p)—w(0, w)} has precisely one zero in this disc if u is sufficiently large, (2)
ow(0, i)/0e =7+ O(n~2/?) as u— 00, and (3) on the circle || =7/256, |w(e, ) — w(0, )|
>72/768 for all u sufficiently large. Hence for all sufficiently large values of u we
may apply the inverse function theorem, and since bounds for the coeflicients in
the expansion

o) = i £a(1) (=) — w(0, )"
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may be obtained independently of u, we see that, as u — 00, me(u)=p~"Y2W(m)
+o0(r~1/2), and our theorem follows from Appendix I and §2.

From now on in this section we shall always assume that p > 1. Then we observe
from §2 that v, is bounded and greater than —1 for p=p,, r=1,..., p, and, for
>0,

(42) (b1)1/2(”1 +%) = (br)llz("r'*'%)s r=1,.. Yy

THEOREM 4.2. As p— o0, v, tends to a finite limit, r=1, ..., p, and at least one
such limit is an integer.

Proof. For r=1, ..., p the results of §3 may be modified in an obvious way so
as to apply to the intervals (h,_;+h)2<x<(h,—H(v)), (h,—H(u)=x=
(hy+ Hy(1)), (hy+ H()) S x = (hy+ hy41)[2, where H,(u)=p~>%/(4b)"%, ho=—hy,
and h,,,=2—h,. Then proceeding as in Theorem 4.1, but now matching our
solutions in value and in value of the first derivative at the points (A, + H,(1)),
r=1,...,p, (hy1+h)2, r=1,...,(p—1), we obtain

4.3) ler(y) = o(exp {~Aut) as p—> oo,

where

K(p) = [sin 7(v,+ 1) — = VAW, (1) +£ () cos (v, + D],
(44)  filp) = o(l) asp— oo,
Wi(x) = 2¢7Co(x) —2d,Bo(x) +q(h)Ex(x)/(6)'2,  r=1,...,p,

Cy(x), By(x), Ex(x) as defined in Appendix I, and A is a positive constant.

Now assume that our theorem is false; then with lim inf,  ,, v; =k;, lim sup,_ » v;
=k,, we have k; <k,. Choose ¢ so that 0<e<(k;—k,)/8 and denote by X; (pos-
sibly empty) the set of integers lying in [k; —e, ky+¢], and by X, (possibly empty)
the set of points x lying in [k, —e, ky+¢] for which {(b,/b,)V2(x+4)—13} is an
integer, r=2, ..., p. Since |J?-; X, is at most a finite set, there is an x, such that
Xo € [ky+e¢, ky—e]—UP-1 X,. Thus, since v,(r) is a continuous function of p for
©>0, there is a sequence of values of u, {u}2q, O<p;<pe<---, lim,_.w.p.i‘=oo,
such that v,(w)=x,, i=1,2,..., and therefore []f., sin (v (u)+1)=k, i=1,
2, ..., where k is a nonzero constant; but this is incompatible with (4.3), and hence
lim, ., . v, exists and is finite, r=1, .. ., p, and clearly (4.3) implies that at least one
such limit is an integer. This proves the theorem.

From now on we shall denote lim,_, ,, v, by v,(0), r=1,..., p; and we observe
from §2 that if »,(c0) is an integer, then it must be a nonnegative integer.

THEOREM 4.3. If (bi/b;) ¢ R for i,j=1,...,p and i#]j, then the elements of the
set {v,(0)}?_, can be determined. Moreover, precisely one element of this set is an
integer, and if we denote this element by v,.(00) and put v,.(c0)=n*, then (1.3) is valid
With Ay n=G1,1(r*, n*), A2 n=0, and Az =G, o(r*, n*).
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Proof. From (4.2) we see that
4.5 (b:)2(r1(0) + 1) =(5)"2(v(0)+3), r=1,...,p,

and hence the conditions of our theorem imply that precisely one element of the
set {»(c0)}P-, is an integer. We shall, as stated above, denote this element by
v+(0) and put v,.(c0) =n*.

We now assert that in order to determine the tuple (r*, n*), we need only put
a,=b,, r=1,...,p, in subsection III.1 of Appendix III, and with f,(n) given by
equation (III.1.1), solve for (rf, ') the equation f(n)=m (see Theorem III.1.1);
and then we must have r*=rf, n*=n'. With (r*, n*) determined we can then use
(4.5) to determine v,(0), r=1, ..., p. Since v,.(c0) is the only element of the set
{v,(c0)}?-, which is an integer, we can now argue with (4.3) in precisely the same
way as we did with (4.1) to verify the last statement of our theorem.

We shall now prove the above assertion. First, we observe from (4.2), (4.3), and
(4.5) that (v,—v,(0))=0(n"%2) as p—> o0, r=1,...,p. Then for r=1,..., p, and
with ho=—hy, hyp1=2—h,, put J,={x| G _1+h)2<x=(h+h.1)/2}, 0,(x)
=({(A—a(x))/(x—h)b,) for xeJ,—{h}, 6.h)=1, and 0,=inf,.;, O(x). Let
0=min; <<, 0,, b=min; <,<, b,, and Q=sup,=,=; |g(x)|; then for the remainder
of this proof we shall assume that p2p'=max {un,, (An+ Q)/bh?6)%}, where
h=ming<,<, (b, 1—h.)/8, ho=0, h,.;=1 and all other terms are defined in §2.
Hence if 8(u)=p " Y4((An+ Q)/b0)Y? and L(p)={x||x—h|=é()}, r=1,...,p,
then A, (k) +pa(x)+4q(x) <0 in [0, 1]—UF=1 L(w).

For w2 pt and 1 £r<p consider now the mapping of J, into the s-axis Cefined by

(4.6) s = (4ub)i(x—hy),  x€Jy

and denote by J,(1) and I, the image on the s-axis of J, and I(u), respectively. We
note that I, is just the interval |s|<3,, where §,=(4b,)"*((A,+ Q)/b0)*%. Let
y(x, p) be the eigenfunction of (1.1-2) corresponding to A,(n) and satisfying
(0, p)=sin e, y'(0, p)=cos «, where '=d/dx; and for —oo<s<o0, we introduce
the functions

V1.4(8) = Dy, ()($),
Var(s) = Dv,(w)(—s) if r#r¥,
Vare(s) = (1/2i)[exp (inn*[2)U\(s, n*) —exp (—imn*[2) Uy(s, n*)],

and where all terms are defined in Appendix I. Let k,=W V1, V2.,)(s), where W
denotes the Wronskian; then we observe from [13, pp. 347-348] that k,=
— (2/m)Y2T'(1 +v,(c0)) sin 7, (c0) if r#r*, and k,.= — 1. Hence if

y(hr’ ,LL) V2 r(O)
k*r = k" ! | ,
o) = CD by 4y ) V2,0)
0) y(hrs 1)

b

k) = (k)=
i) = (&) |V1,r(0) (4ub,) =12y (hy, 1)
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where V] (0)=dV, (0)/ds, j=1,2, then (k¥,(u))*>+(k%,(x))?>>0. Finally, let
A(p)= £ ((kT.()* + (k3. (n))?) "%, where, with ky (u)=4,(WkT, (k) and ks (k)
=A(wk¥ (), the sign of A(u) is chosen so that (1) if r*>1 and 1 Zr<r*, then
either k; (1) >0 or ky (n)=1, (2) either k; ,«(u)>0 or ky ,+(u)=1, and (3) if r*<p
and r*<r=p, then either &, ,(x)>0 or k, (u)=1.

Put v,(s, ) =A(n) ¥(x, p), x € J;; then
(4.7) (s, p)+((0) +3—52[,(s, p) = F(s, Wols, p),  se€J(w), ' = dlds,
where F(s, 1) = —(g:(s)/2(b:)"*)u ™2 +5%($:(s) — 1)/4 + (v,(20) —¥,), g,(s)=4(x) and
é.(s)=0,x) for x € J,, and from the above remarks and the introduction to §3 we
also know that, as u — 00, F,(s, p)=O(u~"*), uniformly in 'any bounded subset of
the s-axis. Hence from (4.7) we see that

l’,(S, P‘) = kl,r(/*") Vl,r(s) +k2,r(f") V2.r(s) +J: K,.(S, I)Fr(t’ }L)U,(f, /") dt:

s € Jy(n),
where K(s, t)=(k,)‘l[Vl,,(t)sz,(s)——. V1.(8)Vs(2)], and all other terms are de-
fined above. We note from our previous remarks that (k; ,(1))?+ (ks ,(»))?=1 and
(1) if r*>1 and 1=r<r* then k, ()20, (2) ky +(n)20, and (3) if r*<p and
r¥*<r=p then k; (u)=0. Also if S is any bounded subset of the s-axis and if
S<J,(r) for = p*, then an application of the Gronwall lemma to (4.8) shows that
|v(s, 1)| is uniformly bounded for s € S and p = p*.

We now assert that lim,_, o &k ,(1)=0. For if this is not the case, then from
(4.8), the above remarks, and the properties of the parabolic cylinder functions,
we see that there is an s*, s* ¢ I.., and a sequence of values of u, {u,}/2,, where
pt<py<pgy<---, lim,_ o =00, such that |v,.(s*, u,)| > 2 supsey,. |0(s, p)| for all
[ sufficiently large. But, on the other hand, we know [15, Theorems 2.1 and 2.2]
that for all p sufficiently large the absolute maximum of |v.(s, )| in J.(n) is
attained in I..

We also assert that if r*> 1, then lim,_  k; ,(x)=0 for r=1,..., (r*—1). For
r=1 the argument follows as above if we make use of the fact [15, Theorem 2.1]
that for all sufficiently large values of p, the absolute maximum of |v,(s, p)| in the
interval {s | =<0, s € J;(n)} is attained in I;,. Now we can choose s,>0, s, ¢ I; so
that all the real zeros (if any) of D, (,(—s) are less than s; and v,(s;, p)vi(s, u)>0
for all u sufficiently large (this follows from [13, pp. 347-349] and (4.8)). Hence if
for large u we denote by x;(u) the image of s, under the transformation (4.6)
(with r=1) then y(x, w)y'(x, p) is positive in the interval [x;(u), h;— 8(w)] for all u
sufficiently large ([17, p. 110]); so if 2 <r*, then the same argument as before shows
that lim,_, o k; o(p)=0.If 2= j<r* and lim,_ , k; ,(u)=0, r=1,...,j, then we can
choose s;>0, s; ¢ I, so that all the real zeros (if any) of D, (.,(—s) are less than s,
and v,(s;, p)vi(s;, p) >0 for all p sufficiently large. Hence if for large u we denote
by x,(n) the image of s; under the transformation (4.6) (with r=j) then y(x, p) y'(x, )
is positive in the interval [x,(x), h;,, —8(u)] for all u sufficiently large; so if (j+1)

4.8)
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<r*, then the above argument also shows that lim,_, , k; ;4 1(x)==0. Our assertion
now follows by induction.

In a similar manner we can show that if r*<p, then lim,_ &k, ,(u)=0 for
r=(r*+1),...,p. Hereforr=(r*+1),..., p, we choose 5, <0, s, ¢ I, so that all the
real zeros (if any) of D, (.)(s) are greater than s, and v,(s,, p)vy(s,, #) <O for all p
sufficiently large. Hence if for large x we denote by x,(r) the image of s, under the
transformation (4.6), then y(x, n)y'(x, 1) is negative in the interval [h,_,+ (),
x(n)] for all p sufficiently large.

Now we first note from [15, Theorem 2.1] that y(x, 1) has no zeros in the intervals
O<x=h;—8() and h,+8(n)<x<1 for all u sufficiently large. Then for r#r*
denote by N, the number of real zeros of D, (.(s); and for each p = u* denote also
by Ji() the interval obtained by deleting from J,(u) its left-hand end point, by
J¥(w) the interval obtained by deleting from J,(x) its right-hand end point, and if
p>2put JFw)=J(w) for r=2,...,(p—1). Hence if r*>1 and 1 <r<r*, then the
above arguments show that for all u sufficiently large v,(s, x) has precisely N, zeros
in J¥(u) and all these zeros lie in the interval [—§,, s,]; here we have used the fact,
which follows directly from (4.8) and our above remarks, that in any bounded
subset of the s-axis v,(s, u) and v;(s, p) tend uniformly to V,.(s) and V; (s),
respectively, as u — co. Similarly if r* <p and r* <r=<p, then for all p sufficiently
large v,(s, ) has precisely N, zeros in J;¥(u1) and all these zeros lie in the interval
[s,, 8,]). Also for all u sufficiently large v,.(s, ) has precisely n* zeros in J¥(u) and
all these zeros lie in the interval I,... But then we must have n*+ 37?1, .« N,=m,
or from [14, p. 126], n*+ 3P 1.+, [v(0)+ 1]*=m, where [x]* is the greatest
positive integer less than x or zero if such a positive integer does not exist. Finally,

from (4.5) we see that
p

(4.9) nt+ D [(be/b) VA (n* + 1) +3]* = m.

r=Lr#r*

Now referring to subsection III.1 of Appendix III, and putting a,=b,,r=1, ..., p,
we then see from (4.9) that (r*, n*) renders soluble the equation f,(n)=m. But
Theorem III.1.1 states that this equation has a unique solution, namely (r*, n');
hence r*=r*, n*=n', and this completes the proof of our theorem.

THEOREM 4.4. If (b,/b;) € R for at least one pair of integers (i, j), where 1 £i, j<p
and i+j, then the elements of the set {v(c0)}?-, can be determined.

Proof. Let (1.1) be replaced by the perturbed equation
(4.10) Y'(xX)+A+pa(x, t)+q9(x)y(x) = 0, 0=x=1, >0,
where a(x, t)=a(x)—tg(x),
g(x) = (h+h)2—x)P(x—h)?81, 0 = x = (hi+ho)/2,

4.11) = (x— (b +hr - 1)[2((Brs 1+ 1) [2— X)P(x — 1),
(hr+h-1)2 2 x £ (Araa+h)2, r=2,...,(p—1),

(4.12) = (x=(tp+hy1)2)°(x—h)8pr.  (Bpthy_1)2 = x =1,
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and with g¥ =((ha—h1)/2)°g1, & =((h 41— h)[2)°((h,— b, -1)[2)°g,, r=2, .. ., (p—1),
g¥=((h,—h,_1)|2)°g,, the positive constants gF, r=1,...,p, are chosen in the
following way. If all the b,, r=1,..., p, are equal, we choose the g so that
gf>gr> - >gr>0. If ban=ban="=baim<ben=bes= - =baen
<. <bgy=bro=" =buqyy Where I>1,j;21fori=1,..., 1, >i-; ji=p, and
Byt <Py <+ <ha s if ji>1 for i=1,..., [, then the positive constants g,
r=1,...,p, are chosen so that gX, 1,>g% 2> - >gri;, and for i=2,..., 1,
&la-1.4-p> 860> 8> > 8l

Putting b,(1)= — @) d%a(h,, t)/dx2=b,+1g¥, r=1,...,p, it is now a simple
matter to verify that if 1<1i, j<p and i#j, then (b,(¢)/b,(t)) is continuous, positive,
and either strictly increasing or strictly decreasing for 1= 0.

Let R%={x | x=((2j+1)/(2k+1))?, where j and k are integers, j=0, ..., k and
k=0,...,(m+2)}. If 1<i, j<p, i#j, and (1) (b,/b,) ¢ R}, then denote by d; ; the
minimum distance between (b;/b;) and the points of RY, and choose the positive
number ¢, ; so that |(b,/b,) — (b(1)/b,(1))| <d, ;2 for 0=t =<1, 55 (2) (bi/b;) € RS, then
denote by d the minimum distance between the points of R}, and choose the positive
number ¢ ; so that |(b;/b;)— (bi(2)/b;(t))| <d/2 for 0=t=<t, ;. Hence putting

= min {f4,
1S6ispi#]
we conclude that if 1 <i, j<p and i#j, then (b,(t)/b,(t)) ¢ R} for 0<t=t,.

Let A,(u, t) be the mth eigenvalue of system (4.10), (1.2), and for x>0 put
A, 1) = ((Anlpes 1) + pA) 112, v, 1) = {(A(ps, 1)/2(B:(2))*) =3}, r=1, ..., p. Then
it is clear that we may argue with A,(g, t) in precisely the same way as we did with
An(w), and indeed by modifying (4.3) and Theorem 4.2 so as to apply to system
(4.10), (1.2), we then know that v,(u, t) tends to a finite limit as u — oo, r=1, ..., p,
and at least one such limit is an integer. We shall denote lim, ., » v,(u, ) by »,(c0, ),
r=1,...,p.

We remark now that if 0 < # < ¢, then precisely one element of the set {v,(c0, #)}7-;
is an integer; and we shall denote this element by v,)(00, ¢) and put vyie(c0, t)
=n'(t). To see this, we return to the proof of Theorem 4.3, modify (4.6) and the
results given in the paragraph preceding this equation so as now to apply to system
(4.10), (1.2) and A,(u, ), and let the eigenfunction y(x, ) now correspond to
An(, 1). Putting v,(s, p)=y(x, pn), x€J,, r=1,..., p, we consider the analogue of
(4.7) and argue with Sturm’s fundamental theorem to show that v,(co, 1) £m+2,
r=1,...,p. Hence if i%j, and v/(c0, t)=n;, v,(c0, t)=n,, where n; and n; are in-
tegers, then (see (4.5)) (bi(2))"2(n;+3)=(b,(2))*%(n;+3%) and either (b,(t)/b;(t)) or
(b,(t)/b(2)) is a member of R, which is impossible.

We now assert that if 0<r=<1,, then the tuple (r'(¢), n'(¢)) is Cetermined by
putting a,=b,(t), r=1, ..., p, in subsection IIl.1 of Appendix III, and with f,(n)
given by equation (I11.1.1), solving for (rt, n*) the equation f,(n)=m (see Theorem
II1.1.2) then we must have r*(¢)=rt, n'(¢)=n'. To see this, we make use of the fact
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that vty (00, 1) is the only element of the set {v,(c0, ¢)}?-, which is an integer and
hence we may argue precisely as in the proof of Theorem 4.3 to show that

v4

(4.13) n+ D [(GrobO )+ +1* = m,

r=1Lr#ri@)
where as before [x]* is the greatest positive integer less than x or zero if such a
positive integer does not exist. Now referring to subsection III.1 of Appendix III
and putting a,=b,(¢), r=1, ..., p, we then see from (4.13) that (+'(¢), n'(¢)) renders
soluble the equation f,(n)=m; but Theorem III.1.2 states that this equation has a
unique solution, namely (r*, n*), and hence r'(¢)=r', n'(t)=n".

We now arrive at our fundamental result, i.e. if we put 7=r¥(¢,) and ni=n'(z,),
then vy(oo, t)=7 for 0<t=t,. To see this, we fix an r, 1=r=p, r#F, and put
&.(1)={(b:(1)/b,(t))2(7+3)—%} for £=0; we remark that ¢,(¢) is continuous and
either strictly increasing or strictly decreasing for ¢ = 0. We also observe from (4.13)
and the remarks immediately preceding (4.9) that é,(¢,)=v,(c0, t;), and for some
nonnegative integer j not exceeding m we have [¢,(#,)+ 1]¥=j and j—1 <¢,(#;) <.
We now assert that [¢,(¢)+ 1]*=j for 0 <1 =1t,. For if this is not the case, then there
is a t,, 0<ty<ty, such that ¢.(t;)=k, where k=j or j—1; but this implies that
(b(12))V2(M+3) = (by(12))"'*(k + %) and therefore either (b:(#5)/b,(12)) or (b,(t2)/bi(t2))
belongs to R, which is impossible. Since r is arbitrary, we therefore conclude from
(4.1.3) that

»
@19 A+ > (GO A+ +4* =m for0 <t < 1.

r=1r#7
Now referring to subsection III.1 of Appendix III, we see from (4.14) that if
O<t<t,and a,=b(t),r=1,..., p, then (7, ii) renders soluble the equation f,(n) =m.
But as we have stated above, this equation has the unique solution (r*(z), n'(2)),
and hence rf(¢+)=7, n'(t)=n, 0<t<1,.

Referring back to our original system (1.1-2), we now assert that v;(c0)=#, and
hence from (4.5) we can determine »(), r=1,...,p. Our assertion follows
immediately from the fact that lim,_ . {An(u, £)—AL(w)}=0() as t—0 [15,
Theorem 3.1] and hence {(b:(¢))"%(7i+%) — (b;)*2(vi(0)+3)} = O(t) as t — 0. This
proves the theorem.

THEOREM 4.5. Let (b;/b;) € R for at least one pair of integers (i, j), where 11,
jSpandi#j. From the set of integers {r}?_,, let the subset X be formed by demanding
that r € X iff v,(c0) is an integer. Then X contains at least one element, and moreover,
if X contains precisely one element, and if we denote this element by r* and put
vp(00)=n*, then (1.3) is valid with A, n,=G;(r* n*), Asn,=0, and As,=
Gy o(r*, n*).

Proof. That X contains at least one element follows from Theorem 4.2. Referring
to the proof of Theorem 4.4 we see that if X contains precisely one element, then
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it must be 7 and hence v;(co)=7 is the only element of the set {v,(c0)}’-, which
is an integer. Our theorem now follows by putting r* =7, n* =7 and arguing with
(4.3) in precisely the same way as we did with (4.1).

From now on in this section we shall always assume that (b,/b;) € R for at least
one pair of integers (i, j), where 1<i, j<p and i#j. Then in order to extend
Theorem 4.5 to the case where X contains more than one element, we can no
longer restrict ourselves to the investigation of the asymptotic behaviour of just
An(n). Hence for nonnegative integer N#m and p >0 put Ay(p)=(Ay(p)+pAd)/pnt’?,
and v (u, N)={(Ay(n)/2(b)V?)—1%}, r=1,...,p; and as in §2 we also note that
there are constants uy and Ay, both greater than one, such that 0 < Ay(n) < Ay for
p=py. Now it is clear that we may argue with Ay(x) in precisely the same way as
we did with A,(n), and by modifying (4.3) and Theorem 4.2 so as to apply to Ay(w),
we then know that v,(u, N) tends to a finite limit as u — o0, r=1,..., p, and at
least one such limit is an integer. We shall in the sequel-denote lim,,_, ,, v.(1, N) by
v(oo, N), r=1,..., p (we remark that this notation will only be used if N#m; for
N=m we maintain our old notation, namely v,(c0), r=1,..., p). We can then
argue with (4.10) in precisely the same way as we did in the proof of Theorem 4.4
and determine the tuple (7(N), 7(N)) satisfying v;y,(c0, N)=7(N) and hence from
the analogue of (4.5) determine the set {v,(c0, N)}*_,.

Now returning to Theorem 4.5, denote the elements of the set X by {r;}7,, where
0=p*=p—1, and put v, (00)=n;, j=0, ..., p*. Here if p*=0, then r,=7 and n,=n
(Theorem 4.4), while if p* >0, then we shall always assume in the sequel, unless
otherwise stated, that the r;, j=0, ..., p*, are arranged so that

(4.15) G1,9(ro, 1) S Gy o(ry, 1) -+ £ Gy o(rpe, M),
where if Gy o(r;_1, n;-1) =G o(r;, ;) for 1 Si<p*, then b, _, <h,,.

THEOREM 4.6. Under the hypothesis of Theorem 4.5 assume that X contains at
least two elements. Let the elements of X be denoted by {r;}?~,, where 1 Sp*<p—1,
and put v, (0)=n;, j=0, ..., p*; here the r;, j=0, ..., p*, are arranged so that (4.15)
is satisfied. Let s=m— Ny, where if m=0, or if m>0 and v,(c0, m—1) <v,(c0), then
Ny=m, while if m>0 and v,(c0, m—1)=v,(0), then N, is the smallest integer
satisfying v,(c0, N;)=v,(0). Then 0 < s = p*, and (1.3) is valid with A, =G, ((rg, ny),
As.m=0, and Az =G, o(rs, ny).

We shall not prove Theorem 4.6 directly; indeed this theorem follows immedi-
ately from Lemma 4.2 and Theorem 4.7.

In order to establish the validity of Theorem 4.6 we shall have to analyse (4.14)
in greater detail. To this end we return to the proof of Theorem 4.4 and write
(4.14) in the form

(4.16) n+ S;+S;=m forO0<t =4y,
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where
p.
Si= > [,)+1]* ifp*>0, S, = 0 otherwise,
J=0iry#7
yJ
Sy = Z [()+1]*  ifp* <p—1, S, =0 otherwise,

r=1;7¢X

and all other terms are defined in the proof of Theorem 4.4. Here we have sup-
pressed the ¢, and have written S, for S,(¢) and S, for S,(¢), since we know from
the proof of Theorem 4.4 that both S;(¢) and Sy(¢) are constant in 0<¢=<t¢,. More-
over, we also know that S,(¢) is constant in [0, ¢,]; for if p*<p—1 and r ¢ X, then
¢.(0)=v,(c0) is not an integer, and so from the proof of Theorem 4.4 we see that
é.(t) cannot assume integral values in the interval [0, #,]. Similarly if p*>0,
0=<j<p* and r;#%, then we know that 4,(0)=n,; and ¢,(¢t) does not assume
integral values in 0<t=1, and is either strictly increasing or strictly decreasing in
[0, #,]; hence [¢,(1)+ 1]*=n; or n;+1 for 0<t=1,, and since j is arbitrary we see
that D7Lo n; <A+ S, Sp*+ 70,

Let P(m) denote the set of integers {N,+j}?z,, where Ny=37_,n;+S,; we
observe from (4.16) and the above remarks that m € P(m).

LEMMA 4.1. For each N € P(m) there is precisely one k, 0 < k < p*, such that

(4.17) N=n+ 2 [(by()b()(n,+P)+3]*

P
r=Lr#n

Sfor all positive t sufficiently small.

Proof. If p*=0, then m is the only member of P(m) and r,=F is the only member
of X and our lemma follows directly from (4.16) (with 7=n, and S; =0).

We now consider the case p*>0. Then in order to avoid a proliferation of
notation, assume for the remainder of this proof that the elements of the set X
have been relabelled (if necessary) so that the b,, j=0,..., p*, now satisfy the
relationship b,,<b, < --- <b,,,, where if, for 1 Si<p*, b, _ =b,, then h, _ <h,,.
Also from the definition of the functions {b,(¢)}?-, given in the proof of Theorem
4.4, it is a simple matter to verify that if 1 £/, j<p and i#}j, then in the interval
120, (bi(t)/b;(1)) is (1) strictly increasing if b; > b;, (2) strictly increasing if b;=5; and
h;> h;, (3) strictly decreasing if b;=b, and h; < h;, and (4) strictly decreasing if b, < b;.

Now for 0=k =<p*, 1=r=p, and r#ry, put ¢, (1) ={(b,(1)/b,(1))"*(n. +3)— 3}
for 1=0. We observe that ¢, () is continuous and either strictly increasing or
strictly decreasing in 120. If p*<p—1 and r ¢ X, then we also know that ¢, {0)
=¢,(0)=v,(c0), which is not an integer (see (4.16)), and so for all ¢ sufficiently small

D B+ = > [+ =S,

P P
r=1;r¢X r=1;r¢X
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If k<p* and k <j<p*, then ¢, ,(t) is strictly increasing for =0 (see the remarks
above) and ¢, ,(0)=n,. If k>0 and 0<j<k, then ¢, ,(7) is strictly decreasing for
120 and ¢,,,(0)=n;. We therefore conclude that
p p*
met D [k O+ = k+ D n+S; = k+N,
r=Lr#rg i=0
for all positive 7 sufficiently small. This proves the lemma.
Referring to the remarks immediately following Theorem 4.5, it is then clear
that for nonnegative integer N#m we may argue with Ay(u) as above and define
the set of integers P(N) in an analogous fashion to P(m). We then have

LemMA 4.2. (1) If N € P(m) and N#m, then v,(c0, N)=v,(0) for r=1,..., p and
the sets P(N) and P(m) are identical.

(2) P(m) is precisely the set of integers which contains m and all integers N#m
for which v, (co, N)=v,(0) for r=1,...,p. Hence the integers N#m for which
v,(c0, N)=v,(0) for r=1, ..., p form together with m a set of (p*+1) consecutive
integers.

() If m>0 and OSN<m, then v,(c0, N)Sv (0, N+1)<---=Zv, (00, m—1)
<v(o0) for r=1,...,p; and if for at least one r, 1 <r<p, v,(c0, N)=v,(0), then
N,(N+1),...,(m—1) all belong to P(m).

Proof. If N € P(m) and N#m, then the arguments used in the proof of Theorem
4.4 show immediately that the analogue of (4.14) for Ay(u) is precisely (4.17). So
we conclude from the proof of Theorem 4.4 that 7(N)=ry, A(N)=n, v, (c0, N)
=v,,(c0), and hence from (4.5) and its analogue for Ay(n), we see that v,(c0, N)=
v(00), r=1,...,p.

We now show that if N is a nonnegative integer, N# m, and if for at least one r,
1=r=p, v(0, N)=v,(0), then N € P(m).. First, we observe from (4.5) and its
analogue for Ay(u), that our hypothesis implies v,(c0, N)=v,(0), r=1, ..., p. Then
the arguments used in the proof of Theorem 4.4 show that for precisely one k,
0=k<=p*, F(N)=ry, A(N)=n,, and (4.17) is valid for this k for all positive ¢ suffi-
ciently small. Hence from Lemma 4.1 we conclude that N € P(m).

These results, together with our definition of P(m), prove part (2) of our lemma.
Since part (2) can be modified to apply to P(N), part (1) of our lemma also follows.

To prove part (3), assume that there is a j, 1 £j=p, for which v,(co, N)>v,(0).
Then (4.5) and its analogue for Ay(n) imply that v,(co, N)>v(0) for r=1, ..., p.
Now from (4.14) we see that >7_; [v,(0, )+ 1]*=m for 0<t=<1,, where v,(c0, t)
is continuous in [0, #;] and v,(c0, 0)=v,(c0), r=1,..., p. The analogue of this for
An(p) (obtained by replacing 77 by 7(N) and 7 by F(N) in (4.14) for all ¢ sufficiently
small) is 37, [v,(c0, N, t)+1]*=N for 0<t<t, for some t,>0, where v,(co, N, )
is continuous in [0, #;] and v,(c0, N, 0)=v,(0, N), r=1,...,p. If 1=Sr=<p, then
(00, N, t)+1)> (v(o0, t)+1) and [v(o0, N, t)+11* = [v(c0, t)+ 1]* for all ¢ suffi-
ciently small. Thus >?-, [v/(c0, N, t)+11*Zm> N for all ¢ sufficiently small, which
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is impossible; hence v,(c0, N)<v,(c0), r=1,..., p. We can also argue in the same
way to show that v (oo, N)Sv(c0, N+ 1)< .- Sy (o0, m—1)Zv(0), r=1,...,p,
and so part (3) of our lemma follows from the above results.

The connection between the set P(m)={N,+j}?, and the eigenvalues of (1.1-2)
is demonstrated in the following theorem. Since the case p* =0 has already been
considered in Theorem 4.5, we shall only consider the case p* >0. We might also
point out that in this theorem particular attention must be paid to the ordering
described in (4.15).

THEOREM 4.7. If p*>0, then
Avy+ /(1) = —pA+2(b,)V2(n; 4+ H)p''? + Gy 5(rj, ny) +o(1)
asp—>o00,j=0,...,p*.

Proof. For convenience of notation we shall in this proof write w; for G, o(r;, n,),
j=0, ..., p* and denote by B the subset of the reals whose elements are precisely
the numbers w;, j=0, . . ., p*. Then returning to our investigation of the asymptotic
behaviour of A,(u), we continue with the arguments which terminated with (4.15).
Referring to (4.3), we see that there is a u* >0 such that for each p 2 uf,

1K (wcos m(vy, + 1) < exp {—Au'2/(p*+ 1)}

for at least one k, 0=k <p*. Hence from (4.4), Appendix I, and by arguing with
our inverse function theorem as in the proof of Theorem 4.1, we see that for any
e>0 there is a u(¢)>0 such that for each p2pu(e), |ut/%g(n)—wy| <e for at least
one k, where g(u)=2(b,)""*(v,o(1r) — o) = 2(by )"*(vy () — 1), j=0, ..., p*. Since ¢
is arbitrary and g(u) is continuous for u>0, we therefore conclude that u!/2g(n)
tends to precisely one element of B as u— oco. But from §2 this implies that
{An(p) +pA —ut'?g,} tends to precisely one element of B as p — oo, where

8o = 2(b,)"?(no+%) = 2(b,)"*(m;+%),  j=0,...,p*

On the other hand, we see from part (1) of Lemma 4.2 that if N € P(m) and
N#m, then the above arguments applied to the analogue of (4.3) for Ay(r) lead to
the conclusion that {Ay(n)+pud —pul'2g,} tends to precisely one element of B as
® —> 00,

Hence for each j, 0<j=<p*, we conclude that M;(p)={Ay, ;(n)+pAd—pn''2ge}
tends to precisely one element of B as u — co. If B contains precisely one element,
that is to say, all the w;, j=0, ..., p*, are equal, then our theorem is proved for
this case. So from now on we shall assume that B contains at least two elements.
Since My(n) < My(p)< - -+ < My(p) for p>0, we see that if we put lim,_, o M;(n)
=M (c0), j=0,..., p*, then

(4.19) M(0) £ My(0) S -+ £ Mp(o0).

It only remains to show that M;(c0)=w;, j=0,..., p*.
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Assume now that the w;, j=0, ..., p*, are all distinct; then for each N € P(m)
there is precisely one integer k(N), where 0 S k(N) < p*, such that
(4.20) My, (00) = Wiq).

Putting r* =r,,, and n* =n,,,,, we will proceed to the eigenfunctions corresponding
to An(u)-

If in applying the results of §3 to our present section we replace y,(x, u) by
Yo%, 1) and yo(x, p) by yo.(x, p), |x—h| Sp=%1%/(4b,)"%, r=1, ..., p (see Theo-
rem 4.2) and if we denote by Y(x, n) an eigenfunction of (1.1-2) corresponding to
Am(p), then an investigation of the determinant which gives rise to (4.3), together
with the results stated in [18, Theorem 24.1, p. 124] and [13, pp. 347-348], shows
that for all sufficiently large values of p,

Y(x, p) = Ki (1) y1,.(x, )+ Kz (1) y2,(x; 1)
in|x—h| < pn=31/(4b)1, forr=1,...,p and r # r¥*,
= K@@ ¥ ) D)1+ 23 nEs 1)+~ 0, U6, 1))
in |x—h,.| < p1954/(4b,.)4,
where £=(4ub, )4 (x —h,), D,s(€), U,(€, n*) are defined in Appendix I, and as
p—> 00, Uy (18, w)=0(n™%%%), vy (tu?'®, u)=0(1), uniformly in || =<1, and
(Ki. )/ K(n))=0(exp { —A'u¥2}), i=1,2,r=1,..., p, r#r* where A" is a positive
constant.

Put A=maXyepm, {Ax} (see §2 and the remarks immediately following Theorem
4.5), b* =max, =,x, {b,}, 8" =((A + Q)/b8)}'2, 8% =(4b*)'/*58", and choose the positive
constants 8 and x' so that §> 8* and u > max {2, ((4b)"/*h)~54/15, 854} (and where
all terms that are not defined above are defined in the proof of Theorem 4.3). If
¢um(x, ) is the eigenfunction of (1.1-2) corresponding to A,(u) such that [3 $2(x, p) dx
=1, then (4.21), the results of subsection 3.1, and [15, Theorem 2.1] show that the
absolute maximum of |¢,(x, w)| in [0, 1] is attained in the interval |x — h,.| S pu~ 1481
for all sufficiently large values of u. Hence from (4.21) and [15, Theorem 2.3 and
the remarks immediately preceding Theorem 2.5], we see that there exists a sequence
of values of w, {u 321, pf<py<pa< -+, lim,_, p=00, such that for all sufficiently
large values of / and with ¢,(x, u)=Z.(&, 1), £=4wb,s)4(x — h,),

Zn(é, ) = kn(p)[Dus(§)(1 +01,m(&, )+ (0* Y (Q2m) ) Vg ml(€, ) Ur(§, 1¥)],
(4.22.m)

@.21)

= kn(p) Dro(O[1 + 03 m(§, )], 8 S € = i’
= kn(u) Dur(Ol + 04 (E, )], —pdl®t < £ < =8,
and
(Zn(tud'%, m))? + pd 2(Zn(tpd 1%, p))®)M? = O(exp {—Anpi’®?})
as / — oo, uniformly in |7| 2 1 (and of course ¢ is restricted so that 0<x =< 1), where
'=d|d¢, A7 is a positive constant, vy (¢, ), vam(é, ) as above, v n(1pi’®, )
=0(u; *%/%*) as I — oo, uniformly in du; V¢4 <|t| <1, i=3, 4, and
i Moken() = ((4b,4)11%/(2m)M2(n* )21+ O '%/%%)]  as I — oo.
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If for each N € P(m) and N# m we denote by ¢y(x, u) the eigenfunction of (1.1-2)
corresponding to Ay(x) and satisfying [ ¢2(x, ) dx=1, then by a selection of a
subsequence of the p,, /=1,2,..., and relabelling suitably (see the remarks
immediately preceding (4.22.m)) we can also assume that (4.22.N) (obtained from
(4.22.m) by replacing r* by ryw,, n* by n.,, and m by N) is valid for ¢y(x, p).

Now we know from (4.19) and (4.20) that wyw ), S Wik, + 1S - * S Wiy, 4 - ON
the other hand, from the orthogonal properties of the eigenfunctions, we see from
equations (4.22.N,), . . ., (4.22.N; +p*), [13, pp. 350-351], and [15, proof of Theo-
rem 2.5] that the k(N), N=N,, ..., (N;+p*) must all be distinct. Since wo<w,
< .-+ <wp, we therefore conclude that k(N,+j)=j, j=0, ..., p*¥. Hence M (c0)
=Wew,+»=W; j=0,..., p*, and our theorem is proved for this case.

To prove our theorem for the case where the w;, j=O0, .. ., p*, are not all distinct,
we replace (1.1) by the perturbed equation

(4.23) y'(x)+QA+pa(x)+q(x, 1))y(x) = 0, 0<x=1, "=ddx, t>0,

where g(x, t)=q(x)—tx. If for N € P(im) we denote the Nth eigenvalue of system
(4.23), (1.2) by Ay(u, 1), and denote by B(t) the subset of the reals whose elements
are precisely the wy(t)=w,+1th,, j=0, ..., p* (see (4.4) and Appendix I), then our
above calculations tell us that My_y (g, t)={Ay(u, ) +pd—p''?ge} tends to
precisely one element of B(t) as u — co. On the other hand, for all ¢ sufficiently
small we see from (4.15) that wy(t)<w,(t)<--- <wp(t); and so from above we
conclude that lim,_, ., M,(u, t)=w,(t), j=0,..., p*, for all ¢ sufficiently small.
Consider now the differential equation in the two parameters y and u,

Y'(x)+(y+gop'’? — (A —a(x)) +4q(x)) y(x) = 0,

(4.24) 0<x=1, '=ddx, p>0,

and where all terms are as previously defined. For each positive p denote the
eigenvalues of (4.24), (1.2) by {ya(w)}z-0, Where yo(u) <yi() < ---, lim,_ o yalp)
=00, and where an eigenfunction corresponding to y,(x) has precisely n zeros in
(0, 1). Now it is clear that for j=O0,..., p*, vy, 4,;(n)=M;(n), and hence

)i‘g Yy +(1) = M(c0).

If N*=(N,+p*+1), then we may also argue with Ay.(u) in the same way as we
did with A,(u) to show that {Aye(n) +pd —2(byu)2(v1(00, N*)+13)} tends to a finite
limit as u — co. Then by arguing as in the proof of part (3) of Lemma 4.2, it is a
simple matter to verify that v,(co, N*)2v,(c0); and since N* ¢ P(m), we conclude
from this lemma that v,(c0, N*)>v;(o0). Since

yie() = [we(p) +pA = 2(b1p0)2(v1(00, N*)+4)+2(b10)2(v1(00, N*) —wy(c0))],

we therefore conclude that lim, _, ,, yy+«(n)=0c0. Similarly if N; >0, then we can also
show that lim, , o y,-1(s) = —c0.
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With g(x, t) as defined in (4.23), replace (4.24) by the perturbed equation

V') +(y+gon!'? — (4 —a(x)) +4q(x, 1)) y(x) = 0,

(4.25) 0 é X é 1’ [ d/d\’, ® > 0, t > 0,

and for each positive p denote the eigenvalues of system (4.25), (1.2) by y.(u, 1),
n=0, 1,.... Then it is clear that for j=0, ..., p*, yn, 4, t)=M(p, t), and hence
1im, o yu, + (1, t)=w,(t) for all ¢ sufficiently small.

Now we may argue with systems (4.24), (1.2) and (4.25), (1.2) as in [19, pp. 231-
233], [15, Theorem 3.1] to show that lim, o {yx, +;(1t, 1) —yw,+ (w)}=0(t) as t — 0,
Jj=0,..., p* Thus {w;+th, — M;(0)}=0(t) as t -0, j=0, . . ., p*, and hence our
theorem follows.

5. Main results for the case a(0)=A and a(1) < A4.

5.0. Introduction. In this section we consider the case where a(x)= A at precisely
the finite set of points {h}?.,, where p=0 and O=h,<h;<---<h,<1. Then
throughout this section, unless otherwise stated, we shall consider the integer m
fixed as before and use the results of §3 to verify (1.3). Since for the most part the
arguments of §4 can be modified so as to apply to the work of this section, we shall
therefore content ourselves here with mainly stating our results and only elabora-
ting on points where the arguments of §4 are no longer valid. Finally, the two cases
(1) «=0, (2) «#0 will be treated separately; and for terminology we refer to
§§2 and 4.

5.1. The case «=0. An argument analogous to that used in Theorem 4.2,
together with the results of §3, show that if p>0 (and with obvious modifications
if p=0) then

(5.1.1) K360 [ T Kilk) = ofexp (~Ai3) a5 o,

where

K3(1) = sin (v +1)/2—cos m(vo + 1)/2[coAa(vo)u ™ '*/3 +(Wo(vo) + 5" (1)n~?/2],
fEw)=0(1) as p — 0, Wy(x) is given by (4.4) with r=0, and all other terms are
defined in the statements immediately following (4.3).

THEOREM 5.1.1. If p=0, then (1.3) is valid with A, ,,= G (0, m), As,m=Gg,2(0, m),
and Aa.m= G2‘3(0, m).

From now on in this section we shall assume that p>0. Then by arguing with
(5.1.1) as in Theorem (4.2) we have:

THEOREM 5.1.2. As p — 00, v, tends to a finite limit,.r=0, ..., p, and at least one
such limit is an integer.

In the sequel we shall denote lim,_, , v, by »(0), r=0,..., p; and we observe
from §2 that if v,(c0) is an integer, then it must be a nonnegative integer. Moreover,
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we see from (5.1.1) that if vo(co) is not an odd integer, then at least one element of
the set {»,(c0)}?_ is an integer. Also from §2 and Theorem 5.1.2 we see that
(5.1.2) (bo)"2(vo(0) +3) = (B)V*(p(0)+3), r=0,...,p.

THEOREM 5.1.3. If (bi/b;) ¢ R for i, j=0, ..., p and i#], then the elements of the
set {v,(c0)}f_ o can be determined. Furthermore, precisely one element of this set is an
integer, and vy(c0) is either an odd integer or nonintegral. If we denote by v,.(0) the
element which is an integer and

(1) put vo(0)=2n*+1 if r*=0, then (1.3) is valid with A; n=G,,:(0, n*), As
=Gy,9(0, n*), and As =G, 3(0, n*);

(2) put vi(0)=n* if r*+#0, then (1.3) is valid with A, =G 1(r*, n*), A5 =0,
and Ag =G, o(r*, n*).

Proof. First we observe from (5.1.2) that only one element of the set {»,(c0)}?_,
can be an integer; and from our above remarks we also see that if vy(c0) is integral
then it must be odd. We now assert that in order to determine the tuple (r*, n*)
stated in our theorem, we need only put a,=b,, r=0, ..., p, in subsection II.2 of
Appendix 111, and with f,(n) given by equation (I11.2.1), solve for (rf, n*) the equa-
tion f,(n)=m (see Theorem II1.2.1) and then we must have r*=r*, n*=n*. This
assertion is proved by arguing with (5.1.1) and (5.1.2) as in the proof of Theorem

4.3. Our theorem then follows from (5.1.1) and (5.1.2).

THEOREM 5.1.4. If (b,/b;) € R for at least one pair of integers (i, j), where 01,
J=p and i#j, then the elements of the set {v(0)}F-, can be determined.

Proof. We consider (4.10) with a(x, t) =a(x)—rg(x),

g(x) = (h1/2—x)°x?go, 0=x=sh/2

= (x—hy/2)°((he+h1)[2 = x)°(x — h1)?g1, h/2 £ x = (he+h)/2,
and for the intervals (h,+h,_)2=x=(h.,,+h)2, r=2,...,(p—1), and
(hp+h,_1)2=x =1, let g(x) be defined by (4.11) and (4.12); and with g& =(h,/2)°g,,
g =((hs1=h)[2>((h.—h, - )[2)°8,, r=1,. . ..(p=1), &5 =((h,—h,_1)[2)°g,, the
positive constants g, r=0, ..., p, are chosen in the following way. If all the 5,,
r=0,...,p, are equal, then we choose the gF so that gf>g¥>...->g¥>0.1If

(5.1.3)

bia,n=bra,="""=bra,;) <bra,n=br2,2="" =bra,;p< " <bu1=bra,p=" =
by, Where I> 1, jiz 1 fori=1,..., 1, 2 ji=p+1,and hyq 1, <M< -+ - <hrgzp
if ji>1fori=1,..., [, then the positive constants g, r=0, . . ., p, are chosen so that
glan>8an> - >8a.yy and for i=2,...,] gr’lzi—l,j,_1>>g:zi.l)>g:§i,2)> e
>g;,2i.h)'

Putting b,(t)= — (%) d2a(h,, t)/dx?>=b,+1g}, r=0, ..., p, it is a simple matter to
verify that if 0= 14, j<p and i#J, then (b;(¢)/b,(t)) is continuous, positive, and either
strictly increasing or strictly decreasing for ¢=0.

Finally, let Rh={x| x=((2j+1)/(2k+1))?, where j and k are integers, j=0,
..., k, and k=0,...,(2m+4)} and choose the positive number ¢, (see Theorem
4.4) so that if 0=, j<p and i#j, then (b:(2)/b,(¢)) ¢ R} for 0<t<1t,.
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We now assert that if we put a,=b,(t,), r=0,...,p, in subsection III.2 of
Appendix III, and with f,(n) given by equation (I11.2.1), solve for (r*,n") the
equation f,(7)=m (see Theorem I11.2.2) then vo(00)=2n"+1 if r'=0, v,y(c0)=n' if
rt=£0. Hence from (5.1.2) we can determine the elements v,(0), r=0, ..., p. This
assertion follows by arguing as in Theorem 4.4.

THEOREM 5.1.5. Let (bi/b,) € R for at least one pair of integers (i, j), where 0 <1,
j<p and i#j. From the set of integers {r}?_, let the subset X be formed in the
following way: (1) if 1 £r<p, thenr € X iff v(o0) is an integer, and (2) 0 € X iff vo(0)
is an odd integer. Then X contains at least one element, and moreover, if X contains
precisely one element, and if we denote this element by r* and

(1) put vo(o0)=2n*+1 if r*=0, then (1.3) is valid with A, ,,=G;,:(0, n*), Az,
=G,,2(0, n*), and Ag n=G2,5(0, n*);

(2) put v.(0)=n* if r*£0, then (1.3) is valid with A, ,=G, (r*, n*), A5 =0,
and Ag =G, o(r*, n*).

Proof. We observe from our previous remarks that X contains at least one
element. Referring to the proof of Theorem 5.1.4, we see that if X contains precisely
one element, then it must be r*, and (1) if r*=0, then vo(c0)=2n"+1, and no
element of the set {v,(c0)}?-, is an integer, while (2) if r'#0, then v,+(c0)=n" and
vo(00) is not an odd integer. Our theorem now follows immediately from (5.1.1) if
we put r*=r" and n*=n".

From now on in this section we shall always assume that (b;/b,) € R for at least
one pair of integers (i, j), where 0=<i, j<p and i#j. Then in order to extend
Theorem 5.1.5 to the case where X contains more than one element, we can no
longer restrict ourselves to the investigation of the asymptotic behaviour of just
An(r). Hence for nonnegative integer N#m and >0 put

Ax(p) = Q) +pA)/p?, v, N) = {(An(w)/2(6:)"'*) — 1},

(5.1.4)
r=0,...,p.

Now it is clear that we may argue with Ay(u) in precisely the same way as we did
with A,(x), and by modifying (5.1.1) and Theorem 5.1.2 so as to apply to Ay(w), we
then know that v, (1, N) tends to a finite limit as p — oo, r=0, ..., p, and at least
one such limit is an integer. We shall from now on denote lim,_, , »,(u, N) by
v,(o0, N), r=0, ..., p; and by modifying the proof of Theorem 5.1.4 so as to apply
to Ay(p) instead of A,(n), we can determine the set {v,(c0, N)}P_,.

Referring to Theorem 5.1.5, consider now the case where X contains at least two
elements. Denote the elements of X by {r,}?_,, where 1 <p* <p, and for the moment
assume that the elements of X have been labelled in some definite manner. Then
for p>0 we introduce the functions Z,(u), j=0,..., p*, in the following way:
(1) if 1=r;=p, put v, (c0)=n; and Z;(u) =G, (r;, n;), and (2) if r;=0, put ve(c0)
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=2n;+1 and Z,(u)=p*G, o(0, n;)+ G, (0, n;). Then by relabelling if necessary,
we shall from now on assume that for all p sufficiently large

(5.1.5) Zo(w) S Zy(p) S+ = Zpu(p),
where if Z;_,(u)=Z(p) for 1 £i<p* and all p sufficiently large, then h,,_ <h,,.

THEOREM 5.1.6. Under the hypothesis of Theorem 5.1.5 assume that X contains at
least two elements. Let the elements of X be denoted by {r;}~,, where 1 <p* <p, and
Sor j=0, ..., p* put (1) v, (c0)=n, if r;#0, and (2) vo(0)=2n,;+1 if r;=0; here the
r, j=0,..., p*, are arranged so that for all p sufficiently large (5.1.5) is satisfied.
Let s=m— Ny, where if m=0, or if m>0 and vy(c0, m—1) <vo(c0), then Ny=m,
while if m>0 and vy(c0, m—1)=vy(o0), then Ny is the smallest integer satisfying
vo(00, Ny)=vo(e0). The 0=s=p*, and

(1) if r,=0, then (1.3) is valid with A, n,=G31(0, n), Agn=GCG22(0,n;), and
A3 m=G2,3(0, ny);

(2) if ry#0, then (1.3) is valid with A; =G, 1(rs, n5), A2,m=0, and Az =
Gy,5(rs, 15).

5.2. The case «#0. For this case the analogue of (5.1.1) is

(5.2.1) Ks(y)f[lK,(,o — o(exp {—Du'®)) as u—> oo,

where

Ki(u) = cos #(vo+1)/2
+sin m(vo+1)/2[<coAa(v0)/3+(T((1+0)/2)/T(1+v6/2))((bo) "1'*/2) cOt app = 1%
+{Wo(o) +15(1)> (= 2/2)],

fd(w)=0(1) as u — oo, and the remaining terms are defined in subsection 5.1.

THEOREM 5.2.1. Ifp=0, then(1.3) is valid with Ay =G 1(0,m), A3, m=Gs,3(0, m, @),
and A3_m= G3’3(0, m, OC).

From now on in this section we shall always assume that p>0.

THEOREM 5.2.2. As p — o0, v, tends to a finite limit, r=0, . . ., p, and at least one
such limit is an integer.

In the sequel we shall denote lim,_, ,, v, by v,(0), r=0,..., p; and we observe
from §2 that if »,(c0) is an integer, then it must be a nonnegative integer. Moreover,
we see from (5.2.1) that if vo(c0) is not an even integer, then at least one element of
the set {v,(c0)}F, is an integer. As before, we also have

(5.2.2) (bo)2(vo(0)+1) = (b)2((0)+}), r=0,...,p.

THEOREM 5.2.3. If (by/b;) ¢ R for i, j=0, ..., p and i#j, then the elements of the
set {v,(c0)}’-, can be determined. Furthermore, precisely one element of this set is an
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integer, and vy(o0) is either an even integer or nonintegral. If we denote by v..(0) the
element which is an integer and

(1) put vo(o0)=2n* if r*=0, then (1.3) is valid with A; ,=G31(0, n*), Az,
=Gy,9(0, n*, a), and Az n=G3 3(0, n*, «);

(2) put va(c0)=n* if r*+£0, then (1.3) is valid with A, ,=G, ,(r*, n*), Az ,=0,
and Az =G, o(r*, n*).

Proof. First we observe from (5.2.2) that only one element of the set {v,(c0)}?.,
can be an integer; and from our above remarks we also see that if v,(c0) is integral,
then it must be even. We now assert that in order to determine the tuple (r*, n*)
stated in our theorem, we need only put a,=b,, r=0, ..., p, in subsection II.2 of
Appendix III, and with f,(n) given by equation (II1.2.2), solve for (rf, n") the
equation f,(n)=m (see Theorem II1.2.1), and then we must have r*=r', n*=n'.
Our theorem then follows from (5.2.1) and (5.2.2).

THEOREM 5.2.4. If (b;/b;) € R for at least one pair of integers (i, ), where 0=1i,
j<p and i#], then the elements of the set {v,(c0)}?_, can be determined.

Proof. With all terms as defined in the proof of Theorem 5.1.4, we now assert
that if we put a,=b,(t,), r=0, .. ., p, in subsection II1.2 of Appendix III, and with
£,(n) given by equation (I11.2.2), solve for (r', n) the equation f,(n)=m (see Theo-
rem I11.2.2), then vo(00)=2n" if r* =0, v,1(c0) =n" if r* #0. Our theorem now follows
from (5.2.2).

THEOREM 5.2.5. Let (bi/b,) € R for at least one pair of integers (i, j), where 01,
Jj=<p and i#j. From the set of integers {r}t.,, let the subset X be formed in the
Sfollowing way: (1) if | Sr=p, thenr € X iff v,(c0) is an integer, and (2) 0 € X iff vo(0)
is an even integer. Then X contains at least one element, and moreover, if X contains
precisely one element, and if we denote this element by r* and

(1) put vo(c0)=2n* if r*=0, then (1.3) is valid with A; ,=G31(0, n*), As
=Gj,(0, n*, ), and Ag n=Gjs (0, n*, @);

(2) put v(o0)=n* if r*#0, then (1.3) is valid with A; , =G, ,(r¥*, n*), As =0,
and Az n=G, o(r*, n*).

Proof. We observe from our previous remarks that X contains at least one
element. Referring to the proof of Theorem 5.2.4, we see that if X contains precisely
one element, then it must be rf, and (1) if r'=0, then vo(c0)=2n" and no element
of the set {1,(c0)}?-, is an integer, while (2) if r' #0, then »,+(c0) =n" and vo(o0) is not
an even integer. Our theorem now follows directly from (5.2.1) if we put r*=rt
and n*=n'.

From now on in this section we shall assume that (b,/b;) € R for at least one pair
of integers (i, j), where 0<1i, j<p and i#j. For nonnegative integer N#m, we now
consider Ay(n) and define Ay(n) and v (u, N), r=0,...,p, as in (5.1.4). Then we
can argue with Ay(u) in precisely the same way as we did with A,(x) in Theorem
5.2.2 to show that v,(u, N) tends to a finite limit as u — oo, r=0,..., p, and at
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least one such limit is an integer. We shall from now on denote lim,_, , v,(u, N)
by v,(c0, N), r=0,..., p; and by modifying the proof of Theorem 5.2.4 so as to
apply to Ay(u) instead of A,(u), we can determine the set {v,(co, N)}F-o.

Referring to Theorem 5.2.5, consider now the case where X contains at least two
elements. Denote the elements of X by {r,}? o, where 1 <p* <p, and for the moment
assume that the elements of X have been labelled in some definite manner. Then for
u>0 we introduce the functions Z,(u), j=0, ..., p*, in the following way: (1) if
1 £r;<p, put v, (0)=n; and Z,(u)=G1,2(r;, ny), and (2) if r;=0, put vo(c0)=2n, and
Z(pn)=p%G3,5(0, n,, «)+ G5 3(0, 1y, «). Then by relabelling if necessary, we shall
from now on assume that for all p sufficiently large

(5.2.3) Zo(w) £ Zy(p) S+ = Zp(p),
where if Z;_;(uw)=Z,(p) for 1 £i<p* and all n sufficiently large, then h,,_, <h,,.

THEOREM 5.2.6. Under the hypothesis of Theorem 5.2.5 assume that X contains
at least two elements. Let the elements of X be denoted by {r;}i_,, where 1 Sp*<p,
and for j=0, ..., p* put (1) v, (c0)=n; if r;#0, and (2) vo(c0)=2n; if r;=0; here the
r;, j=0, ..., p*, are arranged so that for all p sufficiently large (5.2.3) is satisfied.
Let s=m— N,, where if m=0, or if m>0 and vy(c0, m—1)<vy(0), then N;=m,
while if m>0 and vy(oo, m—1)=v,(0), then N, is the smallest integer satisfying
vo(00, Ny)=vo(0). Then 0 =s=p*, and

(1) if rs=0, then (1.3) is valid with Ay n=G31(0, ny), Az n=Gs (0, ng, ), and
As,m=G3,3(0, ng, );

(2) if rs#0, then (1.3) is valid with A, ,=G1,:(rs ns), Aa,m=0, and Ag,=
G1,2(rsa ns)-

6. Main results for the case a(0)=A4 and a(1)=A.

6.0. Introduction. In this section we consider the case where a(x)= A at precisely
the finite set of points {#,}?2}, where p20 and O=ho<h;<---<h,,,;=1. Then
throughout this section, unless otherwise stated, we shall consider the integer m
fixed as before and use the results of §3 to verify (1.3). Since for the most part the
arguments of §4 can be modified so as to apply to the work of this section, we shall
therefore contend ourselves here with mainly stating our results and only elabora-
ting on points where the arguments of §4 are no longer valid. Finally, the four cases,
(1) =0, B=m, (2) «=0, B#m, (3) a#0, B#m, and (4) «#0, B=m, will be treated
separately; and for terminology we refer to §§2 and 4.

6.1. The case o=0, f==. An argument analogous to that used in Theorem 4.2,
together with the results of §3, show that if p>0 (and with obvious modifications
if p=0) then

(6.1.1) KFWKF 1) H K1) = o(exp {—Ap'’?}) as u—> oo,
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where

Ko 1(p) = sin n(v, .1 +1)/2
+cos m(vp 1+ 1)/2[Cp 1 142V s ) TV43) = (Wi 1(vp 1 1) +So 1))~ 2/2],

fi(w)=0(1) as u— 00, W,,.(x) as given by (4.4) with r=p+1, and all other
terms are defined in subsection 5.1.

THEOREM 6.1.1. As u — o0, v, tends to a finite limit, r=0, ..., (p+1), and at least
one such limit is an integer.

From now on in this section we shall denote lim, _, ,, v, by v(0), r=0, ..., (p+1);
and we observe from §2 that if v,(c0) is an integer, then it must be a nonnegative
integer. Moreover, we see from (6.1.1) that if p=0 and v,(c0) is not an odd integer,
then v, ,(c0) must be an odd integer; while if p>0 and both vy(c0) and v, 1(c0)
are not odd integers, then at least one element of the set {v,(c0)}f_, is an integer.
Also from §2 and Theorem 6.1.1 we see that

(6.1.2)  (6)"2(vo(0)+3) = (b)2(w(0)+3), r=0,...,(p+1).

THEOREM 6.1.2. If (b;/b;) ¢ R for i, j=0,...,(p+1) and i+#j, then the elements
of the set {v,(c0)}2§ can be determined. Furthermore, precisely one element of this
set is an integer, and vy(o0) is either an odd integer or nonintegral, while v, , (00) is
either an odd integer or nonintegral. If we denote by v,.(c0) the element which is an
integer and

(1) put vo(0)=2n*+1 if r*=0, then (1.3) is valid with A, ,=G5 (0, n*),
Azm=G3,3(0, n*), and A3 n= G, 5(0, n*);

(2) putv,, (0)=2n*+1if r*=p+1, then(1.3) is valid with A; =G5 (p+1, n*),
A2,m= —G2,2(P+ 1, n*)’ and As,m= G2,3(p+ 1, n*);

(3) putv,(©)=n*ifp>0and 1 Zr* < p, then (1.3) is valid with A =G, ,(r*, n*),
Ay n=0, and A; =G, o(r*, n*).

Proof. First we observe from (6.1.2) that only one element of the set {v,(c0)}P*3
can be an integer; and from our above remarks we also see that if vo(c0) is integral,
then it must be odd, while if v, ;(c0) is integral, then it must also be odd. We now
assert that in order to determine the tuple (r*, n*) stated in our theorem, we need
only put a,=b,, r=0,...,(p+1), in subsection II1.3 of Appendix III, and with
f:(n) given by equation (I11.3.1), solve for (rf, n*) the equation f;(n) =m (see Theo-
rem II1.3.1) and then we must have r*=r', n*=n'. This assertion is proved by
arguing with (6.1.1) and (6.1.2) as in the proof of Theorem 4.3. Our theorem then
follows from (6.1.1) and (6.1.2).

THEOREM 6.1.3. If (b;/b;) € R for at least one pair of integers (i, j), where 0<i,
JEp+1 andi#j, then the elements of the set {v,(c0)}?*} can be determined.



38 M. FAIERMAN [June
Proof. We consider (4.10) with a(x, t)=a(x)—tg(x),

g(x) = (x=(hy+h,-1)2)°(1 +hy)[2— X)°(x — hy)?g,,
(hy+hy-1)2 = x = (1+h)]2,
= (=1 +m)2°(x—1)°gpsr,  (+h)2=x =1,

and for the intervals 0= x<h,/2, (h,+h,_)2Sx=(h 1+ h)[2, 1
let g(x) be defined as in equations (5.1.3) and (4.11); and with

gre1 = (1=hy)[2)°gp 115
g = ((hy—hy_1)[2%(1=1,)[2)g,,
g;k = ((hr+ 1~ hr)/z)s((hr - hr- 1)/2)5gr,

r=1,...,(p=1), g¥=(h./2)%g, the positive constants g, r=0,...,(p+1), are
chosen in the following way. If all the b,, r=0,...,(p+1), are equal, then we
choose the gF sothat g& >g¥> - - >g¥, 1 >0.If by 1y =br.0= " - =brc1,1p <bre2,1)
=bg,n="" =braip< " <bn=b,n="""=bw,, Wwhere [>1, jiz1 for
i=1,...,0 St ji=p+2, and A1 <hpgo<--- <hyqjy if i>1 for i=1,..., 1,
then the positive constants g¥, r=0,. .., (p+1), are chosen so that g%; 1,>g%:1.2
> >gh s and for i=2,.. ., 1 gl 14 >8> 8lan> > B

Putting b,(t)= —3) d%a(h,, t)/dx*=b,+1gF, r=0,...,(p+1), it is a simple
matter to verify that if 0<i, j<p+1 and i#j, then (b,(t)/b(t)) is continuous,
positive, and either strictly increasing or strictly decreasing for 1= 0.

Finally, let R%={x | x=((2j+1)/(2k +1))?, where j and k are integers, j=0, ..., k
and k=0, ..., (2m+4)}; and choose the positive number ¢, (see Theorem 4.4) so
that if 0<i, j<p+1 and i#j, then (b,(¢)/b/(t)) ¢ Ry, for 0<t=t,.

We now assert that if we put a,=b,(t,), r=0,...,(p+1), in subsection III.3
of Appendix III, and with f,(n) given by equation (IIL.3.1), solve for (r*, n") the
equation f,(n)=m (see Theorem II1.3.2) then vo(c0)=2n"+1 if r'=0, v, ()
=2nt+1ifrt=p+1, and v,1(c0)=n'if p>0and 1 <r* < p. Hence using (6.1.2) we can
determine the elements v,(00), r=0, ..., (p+1). This assertion follows by arguing
as in Theorem 4.4.

la‘-”(p_l)s

THEOREM 6.1.4. Let (b,/b,) € R for at least one pair of integers (i, j), where 0 =i,
j<p+1 and i#j. From the set of integers {r}?2$, let the subset X be formed in the
following way: (1) if p>0 and 1 <r<p, then r € X iff v,(o0) is an integer, (2) 0 € X
iff vo(o) is an odd integer, and (3) (p+1) € X iff v,41(00) is an odd integer. Then X
contains at least one element, and moreover, if X contains precisely one element,
and if we denote this element by r* and

(1) put vo(00)=2n*+1 if r*=0, then (1.3) is valid with Ay m=G,,(0, n*),
Ag,m=G2,5(0, n*), and A n= G2 3(0, n*);

() putv,,,(0)=2n*+1ifr*=p+1, then (1.3) is valid with A, n=G2,,(p+1, n*),
Agm=—Gyo(p+1,n*), and A3 n=Gs 3(p+1, n*);

(3) put ve(0)=n*if p>0and 1 Sr* <p, then (1.3) is valid with A, =G, ,(r*, n*),
Ag,n=0, and Az n=G o(r*, n*).
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Proof. We observe from our previous remarks that X contains at least one
element. Referring to the proof of Theorem 6.1.3, we see that if X contains precisely
one element, then it must be ¥, and (1) if r* =0, then vo(c0)=2n"+1, v, (0) is not
an odd integer, and no element of the set {v,(c0)}f_, is an integer if p>0, (2) if
rt=p+1, then v, (00)=2n"+1, vo(c0) is not an odd integer, and no element of the
set {v,(c0)}?_, is an integer if p>0, and (3)if p>0and 1 <r! <p, then v,+(c0)=n" and
both vo(c0) and v, , ,(c0) are not odd integers. Our theorem now follows immediately
from (6.1.1) if we put r*=r" and n*=n".

From now on in this section we shall always assume that (b,/b;) € R for at least
one pair of integers (i, j), where 0<i, j<p+1 and i#j. Then in order to extend
Theorem 6.1.4 to the case where X contains more than one element, we can no
longer restrict ourselves to the investigation of the asymptotic behaviour of just

An(r). Hence for nonnegative integer N#m and p >0 put

Ax() = Qw() +pA)/p*?, v, N) = {(Ax(w)/2(6)"*) -1},
r=0,...,(p+0.
Now it is clear that we may argue with Ay(u) in precisely the same way as we did
with A,(1), and by modifying (6.1.1) and Theorem 6.1.1 so as to apply to Ay(u),
we then know that v,(1, N) tends to a finite limit as p — o0, r=0, ..., (p+1), and
at least one such limit is an integer. We shall from now on denote lim,, ., ,, »,(x, N)
by v,(c0, N), r=0,...,(p+1); and by modifying the proof of Theorem 6.1.3 so
as to apply to Ay(w) instead of A,(u), we can determine the set {v,(co, N)}?Z3.
Referring to Theorem 6.1.4, consider now the case where X contains at least two
elements. Denote the elements of X by {r,}?~,, where 1=<p*=<p+1, and for the
moment assume that the elements of X have been labelled in some definite manner.
Then for >0 we introduce the functions Z,(u), j=0, . . ., p*, in the following way:
(1) if p>0 and 1=r,;=p, put v, (0)=n; and Z,()=G, s(r;, ny), (2) if r,=0, put
vo(00)=2n;+1 and Z,(p)=p'*G5 40, n;)+ G5 5(0, n;), and (3) if r,=p+1, put
vpe1(00)=2n;4+1 and Z)(u)= — p**Gy o(p+1, n;)+ Gz 3(p+1, n;). Then by relabel-
ling if necessary, we shall from now on assume that for all p sufficiently large

(6.1.4) Zo(w) S Zy(p) S+ = Zpep),
where if Z; _;(n)=Z;(x) for 1 £i<p* and all p sufficiently large, then h,,_, <h,,.

(6.1.3)

THEOREM 6.1.5. Under the hypothesis of Theorem 6.1.4 assume that X contains
at least two elements. Let the elements of X be denoted by {r;}7~,, where | Sp*<p+1,
and for j=0,..., p* put (1) v, (0)=n; if p>0 and 1=r;=<p, (2) vo(0)=2n;+1 if
r;=0, and (3) vy, 1(c0)=2n;+1 if ry=p+1; here the r;, j=0,..., p*, are arranged
so that for all u sufficiently large (6.1.4) is satisfied. Let s=m— N,, where if m=0,
or if m>0 and vy(co, m—1) <vy(0), then N,=m, while if m>0 and vo(c0, m—1)
=vy(0), then N, is the smallest integer satisfying v,(co, Ny)=vo(o0). Thea 0 < s =< p*,
and

(1) if rs=0, then (1.3) is valid with A; ,=G31(0, n), Az n==Gs 20, n), and
Agm= G2,3(0’ ng);
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) ifre=p+1, then (1.3) is valid with Ay =G 1(p+1,n5), Ag n=—G,,2(p+1, ny),
and Ay =G 3(p+1, ny);

() if p>0 and 1 £r S p, then (1.3) is valid with Ay n=G1 (1, ns), As.m=0, and
A3,m = G1.2(rs, ns)’

6.2. The case «=0, B#=. For this case the analogue of (6.1.1) is

(6.2.1) KK} +1(1) 11 K,(1) = o(exp {—Ap'?}) as p — oo,

where

K a(p) = cos w(v, 11+ 1)/2
—=sin (v, 41+ 1)/2[<p1142(0p+1) 3+ (T((1+vp41)/2)/T(1 +v,41/2))
X ((bp+1)~14/2) cot Byp =1/
—Wpy 1(Vp+ 1) +./;+ N (7 112/2)],

fii1(w)=0(1) as u — oo, and all other terms are as defined above.

THEOREM 6.2.1. As u —> o0, v, tends to a finite limit, r=0, ..., (p+1), and at least
one such limit is an integer.

From now on in this section we shall denote lim, , , v, by v(c0), r=0, ..., (p+1);
and we observe from §2 that if v,(c0) is an integer, then it must be a nonnegative
integer. Moreover, we see from (6.2.1) that if p=0 and v,(o0) is not an odd integer,
then v, ;(c0) must be an even integer; while if p >0, and v,(c0) is not an odd integer,
and v, ;(c0) is not an even integer, then at least one element of the set {v,(00)}?-,
is an integer. As before, we also have

(622)  (bo)"2(vo(0)+1) = (b)) +d), r=0,...,(p+1).

THEOREM 6.2.2. If (b;/b;) ¢ R for i, j=0,...,(p+1) and i#j, then the elements
of the set {v(0)}¥¢ can be determined. Furthermore, precisely one element of this
set is an integer, and vy(0) is either an odd integer or nonintegral, while v, () is
either an even integer or nonintegral. If we denote by v,.(c0) the element which is an
integer and

(1) put vo(o0)=2n*+1 if r*=0, then (1.3) is valid with A, ,=Gs,:(0, n*),
Ao m=Gy,5(0, n*), and Az n=G, 30, n*);

(2) put vy, 1(00)=2n* if r¥*=p+1, then (1.3) is valid with Ay ,=G3(p+1, n*),
Agm=—Gso(p+1, n* B), and A3 n=Gs3(p+1, n*, B);

(3) putv.(c0)=n* if p>0and 1 £r* Zp, then (1.3) is valid with Ay =G, 1(r*, n*),
Ay =0, and Ag =G o(r*, n*).

Proof. First we observe from (6.2.2) that only one element of the set {v,(c0)}2}
can be an integer; and from the above remarks we also see that if vo(c0) is integral,
then it must be odd, while if v, ;(c0) is integral, then it must be even. We now assert
that in order to determine the tuple (r*, n*) stated in our theorem, we need only
put a,=b,, r=0,...,(p+1), in subsection IIL.3 of Appendix IlI, and with f,(n)
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given by equation (II1.3.2), solve for (r!, n") the equation f(n)=m (see Theorem
II1.3.1) and then we must have r*=r" n*=n'. Our theorem then follows from
(6.2.1) and (6.2.2).

THEOREM 6.2.3. If (b;/b;) € R for at least one pair of integers (i, j), where 01,
JSp+1andi#j, then the elements of the set {v,(c0)}?3¢ can be determined.

Proof. With all terms as defined in the proof of Theorem 6.1.3, we now assert
that if we put a,=b,(t,), r=0, ..., (p+1), in subsection III.3 of Appendix III, and
with f,(n) given by equation (I11.3.2), solve for (rf, n") the equation f,(n)=m (see
Theorem I11.3.2), then vy(c0)=2n"+1 if r'=0, v, (0)=2n" if r'=p+1, and
v#(00)=n" if p>0 and 1 <r*<p. Our theorem now follows from (6.2.2).

THEOREM 6.2.4. Let (b;/b,) € R for at least one pair of integers (i, j), where 0 <1,
Jj<p+1 and i#j. From the set of integers {r}fx¢, let the subset X be formed in the
Sfollowing way: (1) if p>0 and 1 Sr=<p, then r € X iff v(o0) is an integer, (2) 0 X
iff vo(e0) is an odd integer, and (3) (p+1) € X iff v,,1(0) is an even integer. Then
X contains at least one element, and moreover, if X contains precisely one element,
and if we denote this element by r* and

(1) put vo(co)=2n*+1 if r*=0, then (1.3) is valid with A, ,=G; (0, n*),
Az.m= G220, n*), and A3 5 =G, 5(0, n*);

(2) put vy, (0)=2n* if r¥*=p+1, then (1.3) is valid with A, ,=G3.(p+1, n*),
A2,m= _GS,Z(p+ 1, n*, B), and A3.m=G3.8(p+ 1, n*, /3)’

(3) putvi(co)y=n*ifp>0and 1 r* <p, then (1.3) is valid with A, ,, =G, ,(r*, n*),
Az n=0, and Az =G o(r*, n*).

Proof. We observe from our previous remarks that X contains at least one
element. Referring to the proof of Theorem 6.2.3, we see that if X contains precisely
one element, then it must be r', and (1) if r'=0, then vy(c0)=2n"+1, v, () is
not an even integer, and no element of the set {v,(c0)}?_, is an integer if p>0,
(2) if rt=p+1, then v, 1(00)=2n", vy(c0) is not an odd integer, and no element of
the set {v,(c0)}?-, is an integer if p>0, and (3) if p>0and 1 <r' <p, then v,+(00) =nt,
vo(00) is not an odd integer, and v, ,(c0) is not an even integer. Our theorem now
follows directly from (6.2.1) if we put r*=r' and n*=nt.

From now on in this section we shall always assume that (b;/b,) € R for at least
one pair of integers (7, j), where 0=/, j<p+1 and i#j. For nonnegative integer
N#m, we now consider Ay(r) and define Ay(n) and v (u, N), r=0,...,(p+1),
as in (6.1.3). Then we can argue with Ay(r) in precisely the same way as we did
with A, () in Theorem 6.2.1 to show that v,(u, N) tends to a finite limit as u — o0,
r=0,..., p, and at least one such limit is an integer. We shall from now on denote
lim,, o »(u, N) by v(co, N), r=0,...,(p+1); and by modifying the proof of
Theorem (6.2.3) so as to apply to Ay(r) instead of A,(u), we can determir.e the set
{v(c0, N)}?24.

Referring to Theorem 6.2.4, consider now the case where X contains at least two
elements. Denote the elements of X by {r;}_,, where 1<p*=<p+1, and for the
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moment assume that the elements of X have been labelled in some definite manner.
Then for u >0 we introduce the functions Z,(u), j=0, . . ., p*, in the following way:
(1) if p>0 and 1=r;<p, put v, (00)=n; and Z,(u)=Gs(r;, ny), (2) if r;=0, put
vo(0)=2n;+1 and Z(u)=p'"*G, 50, n,)+G5,5(0, n;), and (3) if r;=p+1, put
vpe1(00)=2nand Z ()= —pu'*Gs o(p+ 1, ny, B)+ G5 s(p+1, ny, B). Then by relabel-
ling if necessary, we shall from now on assume that for all p sufficiently large

(6.2.3) Zo(p) £ Zy(p) -+ = Zpo(p),
where if Z;_1(k)=Z;(n) for 1 Si<p* and all p sufficiently large, then A, _, <h,,.

THEOREM 6.2.5. Under the hypothesis of Theorem 6.2.4 assume that X contains
at least two elements. Let the elements of X be denoted by {r;}?_ o, where 1 Sp*<p+1,
and for j=0, ..., p* put (1) v,(0)=n; if p>0 and 1 =r;<p, (2) vo(0)=2n;+1 if
r;=0, and (3) v, 1(0)=2n; if ry=p+1; here the r,, j=0, ..., p*, are arranged so
that for all p sufficiently large (6.2.3) is satisfied. Let s=m— N,, where if m=0, or
if m>0andvy(co, m—1) <vy(c0), then Ny =m, while if m> 0 and vo(c0, m— 1) =vy(c0),
then N, is the smallest integer satisfying vo(co, N1)=vy(0). Then 0< s = p*, and

(1) if ry=0, then (1.3) is valid with A, n=G;1(0, ny), As n=G, 20, n,), and
Az n=0G2,3(0, ny);

@ if ri=p+1, then (1.3) is valid with A, ,=Gs.(p+1,n), Asn=
- Ga,z(P+ 1, ng, B)a and A3,m= Ga,a(P+ 1, ng, B)y

(3) if p>0and 1=r,<p, then (1.3) is valid with A, , =G, (rs, n5), Ay,n=0, and
Az m= G o(rs, n5).

6.3. The case a#0, B#m. For this case the analogue of (6.1.1) is

(6.3.1) K{wK3+1(w) Uo K1) = oexp {—Ap'?}) as p—> oo,

with all terminology as in subsection 6.2 above.

THEOREM 6.3.1. As u — o0, v, tends to a finite limit, r=0, . .., (p+1), and at least
one such limit is an integer.

From now on in this section we shall denote lim, _, , v, by v,(0), r=0, ..., (p+1);
and we observe from §2 that if »,(c0) is an integer, then it must be a nonnegative
integer. Moreover, we see from (6.3.1) that if p=0 and »,(c0) is not an even integer,
then v, 1(c0) must be an even integer; while if p>0 and both vy(e0) and v, 1(0)
are not even integers, then at least one element of the set {1,(c0)}?_, is an integer.
As before, we also have

(6.3.2)  (b0)"*(ro(0)+3) = (B)2(n(0)+3), r=0,...,(p+1).

THEOREM 6.3.2. If (b,/b,) ¢ R for i,j=0,...,(p+1) and i#j, then the elements
of the set {v,(0)}?3 can be determined. Furthermore, precisely one element of this
set is an integer, and vo(c0) is either an even integer or nonintegral, while v, , (o) is
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either an even integer or nonintegral. If we denote by v,.(o0) the element which is an
integer and

(1) put vo(c0)=2n* if r*=0, then (1.3) is valid with A, ,=Gs3,:(0, n*), Agnm
=G3,2(0, n*, o), and Az n=G3 3(0, n*, «);

(2) put vy, (00)=2n* if r*=p+1, then (1.3) is valid with A; ,=G3(p+1, n*),
Aom=—G32(p+1,n* B), and As =G 3(p+1, n*, B);

(3) put v(0)=n*if p>0and 1 Sr* =p, then (1.3) is valid with A; ,,= G, 1(r*, n*),
As,m=0, and Az , =Gy o(r*, n*).

Proof. First we observe from (6.3.2) that only one element of the set {v,(c0)}?2¢
can be an integer; and from our above remarks we also see that if v,(c0) is integral,
then it must be even, while if v, ;(c0) is integral, then it must also be even. We now
assert that in order to determine the tuple (r*, n*) stated in our theorem, we need
only put a,=b,, r=0,...,(p+1), in subsection I11.3 of Appendix III, and with
f(n) given by equation (I11.3.3), solve for (r', n*) the equation f,(n)=m (see Theo-
rem I11.3.1) and then we must have r*=r', n* =n'. Our theorem now follows from
(6.3.1) and (6.3.2).

THEOREM 6.3.3. If (b;/b,) € R for at least one pair of integers (i, j), where 01,
j<p+1andi#j, then the elements of the set {v,(c0)}**} can be determined.

Proof. With all terms as defined in the proof of Theorem 6.1.3, we now assert
that if we put a,=b/(t,), r=0, ..., (p+1), in subsection II1.3 of Appendix III, and
with f,(n) given by equation (II1.3.3), solve for (rf, n*) the equation f,(n)=m (see
Theorem I11.3.2) then vo(c0) =2n" if r'=0, v, ;(c0)=2n" if r'=p+1, and v,+(c0)=n'
if p>0 and 1 £r*<p. Our theorem now follows from (6.3.2).

THEOREM 6.3.4. Let (b;/b,) € R for at least one pair of integers (i, j), where 0 <1,
j<p+1 and i#j. From the set of integers {r}*23, let the subset X be formed in the
Sfollowing way: (1) if p>0 and 1 =r=p, then r € X iff v(c0) is an integer, (2) 0 € X
iff vo(0) is an even integer, and (3) (p+1) € X iff v,, ,(0) is an even integer. Then
X contains at least one element, and moreover, if X contains precisely one element,
and if we denote this element by r* and

(1) put vo(0)=2n* if r*=0, then (1.3) is valid with A, ,=Gs3,(0, n*), As n
=Gy3,5(0, n*, &), and Az ,=G3 5(0, n*, a);

(2) put vy 1(00)=2n* if r¥*=p+1, then (1.3) is valid with A, ,=Gs,(p+1, n*),
A2,m= - Ga,z(P+ 1, n*, B), and A3,m= Ga.a(P+ 1, n*, B),

(3) putv,(0)=n*ifp>0and 1 Sr* < p, then (1.3) is valid with A, ,= G, 1(r*, n*),
Ao,m=0, and Az n=G, o(r*, n*).

Proof. We observe from our previous remarks that X contains at least one
element. Referring to the proof of Theorem 6.3.3, we see that if X contains precisely
one element, then it must be rt, and (1) if rt=0, then vy(c0)=2n", v,,,(c0) is not
an even integer, and no element of the set {v,(c0)}?_, is an integer if p>0, (2) if
rt=p+1, then v, ,(c0)=2n", vy(c0) is not an even integer, and no element of the
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set {v,(c0)}?_, is an integer if p>0, and (3) if p>0 and 1 <r' < p, then v,1(c0)=n" and
both ve(00) and v, ,(c0) are not even integers. Our theorem now follows directly
from (6.3.1) if we put r¥=r', n*=n'.

From now on in this section we shall always assume that (b;/b,) € R for at least
one pair of integers (i, j), where 0=<i, j<p+1 and i#j. For nonnegative integer
N#m, we now consider Ay(u) and define Ay(r) and v (u, N), r=0,...,(p+1), as
in (6.1.3). Then we can argue with Ay(u) in precisely the same way as we did with
An(n) in Theorem 6.3.1 to show that v(u, N) tends to a finite limit as u — oo,
r=0,...,(p+1), and at least one such limit is an integer. We shall from now on
denote lim, _, , »,(x, N) by v,(c0, N), r=0,...,(p+1); and by modifying the proof
of Theorem 6.2.3 so as to apply to Ay(u) instead of A,(n), we can determine the set
{v(o0, N)}Pig.

Referring to Theorem 6.3.4, consider now the case where X contains at least two
elements. Denote the elements of X by {r;}?_,, where 1<p*=<p+1, and for the
moment assume that the elements of X have been labelled in some definite manner.
Then for p >0 we introduce the functions Z;(r), j=0, . . ., p*, in the following way:
(1) if p>0 and 1=r;<p, put v,(0)=n,; and Z;(u)=Gy,x(r; n;), (2) if r;=0, put
vo(00)=2n; and Z;(n)=p"*Gs 5(0, ny, «)+ G350, 1, o), and (3) if r;=p+1, put
vpr1(0)=2n,and Z,(n) = — Gy o(p+1, nj, B)+ G3 3(p+1, ny, B). Then by relabel-
ling if necessary, we shall from now on assume that for all p sufficiently large

(6.3.3) Zo(w) £ Zy(w) -+ S Zp(),
where if Z;_,(u)=Z;(n) for 1 £i<p* and all u sufficiently large, then A, _, <h,,.

THEOREM 6.3.5. Under the hypothesis of Theorem 6.3.4 assume that X contains
at least two elements. Let the elements of X be denoted by {r;}7_ o, where L Sp*<p+1,
and for j=0, ..., p* put (1) v,(0)=n; if p>0 and 1 <r; < p, (2) vo(©)=2n; if r;=0,
and (3) vy 1(0)=2n; if r,=p+1; here the r;, j=0, ..., p*, are arranged so that for
all p sufficiently large (6.3.3) is satisfied. Let s=m— N, where if m=0, or if m>0
and vy(c0, m— 1) <vy(0), then Ny=m, while if m>0 and vy(c0, m—1)=vy(0), then
N, is the smallest integer satisfying vy(co, N1)=vo(c0). Then 0 <s=p*, and

(1) if ry=0, then (1.3) is valid with A, ,=Gs,(0, ny), Ag,m==Gs,2(0, n,, o), and
Az,m=G33(0, ng, );

) if ri=p+1, then (1.3) is wvalid with A, ,=G3.(p+1,n5), Agnm=
—Ga,z(.l?‘*’ 1, n, B), and A3,m= Ga,a([’+ 1, ng, B);

() if p>0and 1 =r,Zp, then (1.3) is valid with A, =Gy ,1(rs, n5), Ag,n=0, and
Aa.m = Gl,2(rs9 ns)-

6.4, The case a#0, B=m. For this case the analogue of (6.1.1) is

(6.4.1) KiK' (1) Iﬁl Ki(n) = o(exp {—Ap*"?}) as p— o,

with all terminology as above.
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THEOREM 6.4.1. As p — o0, v, tends to a finite limit, r=0, . . ., (p+1), and at least
one such limit is an integer.

From now on in this section we shall denote lim, _, , v, by v,(c0), r=0, ..., (p+1);
and we observe from §2 that if v,(c0) is an integer, then it must be a nonnegative
integer. Moreover, we see from (6.4.1) that if p=0 and v,(c0) is not an even integer,
then v,,,(c0) must be an odd integer; while if p>0, and vy(c0) is not an even
integer, and v,,,(c0) is not an odd integer, then at least one element of the set
{v,(c0)}?_, is an integer. As before, we also have

(642) (b)) (wo(0)+1) = (B)2((0)+D), r=0,...,(p+D).

THEOREM 6.4.2. If (b,/b;) ¢ R for i, j=0,...,(p+1) and i#j, then the elements
of the set {v,(c0)}?2} can be determined. Furthermore, precisely one element of this
set is an integer, and vy(0) is either an even integer or nonintegral, while v, ,(c0) is
either an odd integer or nonintegral. If we denote by v,.(c0) the element which is an
integer and

(1) put vo(c0)=2n* if r*=0, then (1.3) is valid with A; ,=Gs51(0, n*), Az
=Gy 5(0, n*, @), and Ag = G3 3(0, n*, «);

(2) put vy (0)=2n*+1ifr¥*=p+1, then(1.3) is valid with A, ,=G2,(p+1, n*),
Aom=—Gao(p+1,n*), and A3 =G, 3(p+1, n*);

(3) putv,(0)=n*ifp>0and 1 Zr*=<p, then (1.3) is valid with A, ,,=G, ((r*, n*),
Az n=0, and Az , =G, o(r*, n*).

Proof. First we observe from (6.4.2) that only one element of the set {v,(c0)}?¢
can be an integer; and from the above remarks we see that if vo(c0) is integral, then
it must be even, while if v,,,(c0) is integral, then it must be odd. We now assert
that in order to determine the tuple (r*, n*) stated in our theorem, we need only
put ap=b,.1, a,,1=bo, and a,=b, for r=1,...,p if p>0, in subsection II1.3 of
Appendix III, and with f,(n) given by equation (II1.3.2), solve for (rf, n') the
equation f,(n)=m (see Theorem I11.3.1); and then we must have n*=n', r¥=p+1
if r*'=0, r*=0if r'=p+1, and r*=rt if p>0 and 1 =r'<p. Our theorem then
follows from (6.4.1) and (6.4.2).

THEOREM 6.4.3. If (b;/b;) € R for at least one pair of integers (i, j), where 0=,
jSp+1 andi#j, then the elements of the set {v(0)}?2¢ can be determined.

Proof. With all terms as defined in the proof of Theorem 6.1.3, we now assert
that if in subsection II1.3 of Appendix III we put ao=b,,(,), a,.1=bo(t,), and
a,=b.(t;) for r=1,...,pif p>0, and with f(n) given by equation (I11.3.2), solve
for (rf, n*) the equation f,(n)=m, then vo(c0)=2n" if r'=p+1,v,,,(0)=2n"+1 if
rt=0, and v,#(c0)=n' if p>0and 1 <r'<p. Our theorem now follows from (6.4.2).

THEOREM 6.4.4. Let (b;/b;) € R for at least one pair of integers (i, j), where 0=,
JEp+1 and i#j. From the set of integers {r}?*}, let the subset X be formed in the
Sfollowing way: (1) if p>0 and 1 Sr=p, then r € X iff v,(0) is an integer, (2) 0 X
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iff vo(c0) is an even integer, and (3) (p+1) € X iff v, 1(©) is an odd integer. Then
X contains at least one element, and moreover, if X contains precisely one element,
and if we denote this element by r* and

(1) put vo(c0)=2n* if r*=0, then (1.3) is valid with A, n,=G3:(0, n*), As
=Gs3,9(0, n*, o), and Az n=Gs 3(0, n*, a);

(2) putvy1(0)=2n*+1if r*=p+1, then(1.3) isvalid with A ,= G, (p+1, n*),
A2,m= - Gz,z(P+ 1 n*)> and AS.m= Gz,s(P"‘ 1, n*),

(3) putv(c0)=n*ifp>0and 1 Sr* <p, then (1.3) is valid with A; =G, ((r*, n¥),
Ag.m=0, and Az =G, o(r*, n*).

Proof. We observe from our previous remarks that X contains at least one
element. Referring to the proof of Theorem 6.4.3, we see that if X contains precisely
one element, then it must be 0 if rf=p+1, (p+1) if r'=0, and r' if p>0 and
1<rt<p. Putting n*=n', r*=0if rt=p+1, r*=p+1if r'=0, and r*=rtif p>0
and 1=<r'<p, we see that (1) if r*=0, then vy(00)=2n*, v, ;(0) is not an odd in-
teger, and no element of the set {v(c0)}?_, is an integer if p>0, (2) if r¥=p+1,
then v, (00)=2n*+1, v4(c0) is not an even integer, and no element of the set
{v,(00)}f_ is an integer if p>0, and (3) if p>0and 1 =r* =< p, then v,.(c0) =n*, v4(c0)
is not an even integer, and v, ,(o0) is not an odd integer. Our theorem now follows
directly from (6.4.1).

From now on in this section we shall always assume that (b;/b,) € R for at least
one pair of integers (7, j), where 0=<i, jSp+1 and i#j. For nonnegative integer
N+#m, consider now Ay(un) and define Ay(n) and v,(u, N), r=0,...,(p+1), as in
(6.1.3). Then we can argue with Ay(r) in precisely the same way as we did with
An(n) in Theorem 6.4.1 to show that v, (u, N) tends to a finite limit as u — oo,
r=0,...,(p+1), and at least one such limit is an integer. We shall from now on
denote lim, _, ,, v,(1, N) by v,(c0, N), r=0,...,(p+1); and by modifying the proof
of Theorem 6.2.3 so as to apply to Ay(u) instead of A, (w), we can determine the set
{vi(c0, N)}P25.

Referring to Theorem 6.4.4, consider now the case where X contains at least two
elements. Denote the elements of X by {r;}?_,, where 1 <p*<p+1, and for the
moment assume that the elements of X have been labelled in some definite manner.
Then for u> 0 we introduce the functions Z,(1), j=0, . . ., p*, in the following way:
(1) if p>0 and 1=r;<p, put v, (00)=n; and Z,(u)=G, s(r;, ny), (2) if r;=0, put
vo(00)=2n; and Z,(u)=p'*G3 5(0, n;, «)+ G5 5(0, n;, ), and (3) if r,=p+1, put
vpr1(0)=2n;+1 and Zy(u)= — p*Gy o(p+1, n;)+ Gy 3s(p+1, n;). Then by relabel-
ling if necessary, we shall from now on assume that for all x sufficiently large

(6.4.3) Zo(k) = Zy(p) S+ £ Zpup),

where if Z;_,(p)=Z(p) for 1 Si<p* and all p sufficiently large, then A, <h,,.

Ti-1

THEOREM 6.4.5. Under the hypothesis of Theorem 6.4.4 assume that X contains at
least two elements. Let the elements of X be denoted by {r;};_ o, where 1 Sp*<p+1,
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and for j=0, ..., p* put (1) v, (0)=n; if p>0 and 1 < r;<p, (2) vo(00)=2n; if r;=0,
and (3) v, 1(0)=2n,+1 if ry=p+1; here the r;, j=0, ..., p*, are arranged so that
Sor all u sufficiently large (6.4.3) is satisfied. Let s=m— N,, where if m=0, or if m>0
and vo(00, m—1) <vy(o0), then Ny=m, while if m>0 and vo(co, m—1)=vy(0), then
N, is the smallest integer satisfying vo(c0, Ny)=vy(0). Then 0<s = p*, and

(1) if ry=0, then (1.3) is valid with A; ,=Gj3,1(0, ns), Ag.m=Gs,2(0, n, «), and
Aa,m=G3,3(O9 ns, a);

) if rs=p+1, then (1.3) is wvalid with A, ,=Gz:(p+1,n), Asn=
—Gy5(p+1, 1), and A3 =G 3(p+1, ny);

) if p>0 and 1 2r,Zp, then (1.3) is valid with Ay =G 1(rs, ), A2 m=0, and
Aa,m=Gl,2(rs’ ns)'

Appendix I: Certain properties of parabolic cylinder functions. Here we shall
consider Weber’s equation [13, Chapter 16]

V') +@+3-s4y(s) =0, ' =dlds,

with the restriction that —oco<s<oo, —3=<v=C, where C is a positive constant.
For a fundamental set of solutions we take U,(s,v)=D_,_,(is) and U,(s, v)
=D_,_,(—is), where D,(s) is the parabolic cylinder function; we observe that
U0, v)=2""2(=[2)Y2[T(1 +v/2), U;(0, v)= —i2-“~112(7/2)Y2[T((1+v)/2), and
U,(0, v) = U,(0, v), Uy(0, v) =the complex conjugate of U;(0, v), and hence U,(s, v)
is the complex conjugate of U,(s, v), — oo <s<o0. For s=0, we also introduce the
solution

Us(s, ¥) = Uy(s, ) f U ®(t, v) dt = ie™2D,(s).

From [13, Chapter 16], [14, Chapter 8], and using the methods of [10, Appendix I],
we then have as s — oo, and uniformly in »,

Ui(s,v) = s " texp {—in(v+1)/2+s2[4}[1 + (v +1)5/252+ (v +1),/85%+ O(s ~©)],
Ui(s,v) = (s 77/2) exp {—in(v+1)/2+5%/4}

x[1+@E=2)p+1)/2s2+(@—4)(v+1);3/8s*+ O(s ~®)],
Us(s, v) = s” exp {im(v+1)/2—52/4}[1 — (—v)2/25% +(—v)s/85* + O(s ~9)],

f U2(t, v) di = 523 exp {— in(v+1)+5%/2}

’ X [14+ @24+ 5v+5)/s2+ (v + 120° + 5402+ 101v + 64) /254 + O(s ~©)],
J " U(t, WUs(t, ») dt = Tog 5+ Ex()— iEo(v) — 2o+ 1257 — 322+ 20 + 1)/ds*

’ —5(42 + 602+ 8v+3)/65%+ O(s ~9),
f t3U2(t,v) dt = s~ exp {—in(v+1)+52/2}

’ 5 [1+ (2 + 5+ 2)[s2 + (4 + 120% + 4842 + 59 + 22)/254 + O(s ~9)],
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Js 13U, (t, v)Uq(t, v) dt = 53[3+(2v+ 1)s—(41(v)—id5(»))/3
=322 +2v+1)/s— 5(4v° + 6v2+ 8v+3)/352 + O(s ~9),
f trUE(t, v)dt = s~ *Lexp {—im(v+ 1)+ s3/2}[1 + (3 + 50+ 1)/s2+ O(s ~ 9],

0
f " 18U, W)Ut ») dt |

’ = s*/4+(2v+1)s2/2+3(2v2+2v+1) log s+ By(v) —iBy(v) + O(s ~2),
j "z, v)( f U, %) df) dt

’ ’ = 54+ (3v+1)s2+ 302+ 30v+ 11) log s+ Cy(v) —iCq(v) + O(s ~2),

where (v),=[T;2} (v+/), and with ¥(z)=(I'(z)"1dT\(z)/dz and ¥*(2)=¥(z+3)
—¥(2),

A;(v) = 2712 [—8(2v+ DT +»/2)/T((1 +v)/2))
+(8v2+8v+3)(T'((1 +v)/2)/T(1 +v/2))] sin 7,
Ax®) = 2-12[16(2v + 1)(T(1 +v/2)/T((1 +)/2)) sin? /2
+2(8v% 4+ 8v+ 3)(I'((1++)/2)/T(1 +v/2)) cos? mv[2],
B,(v) = =2"Y1?+4v+5)—(3)(2v+1) cos? w2
—(3)(2v?+2v+1)[log 2+ ¥((1+v)/2) cos? mv[2+ ¥ (1 +v/2) sin? mv/2],
By(v) = (3)(2v+1) sin mv—(3)(2v2 + 20+ 1)(7 + (3)Y*((1 +v)/2) sin mv),

C,0) = RI U: S3UL(s, v)(J: 1BUt, v) dt) ds
+ Jl w<s3U§(s, v)( fo PU, v) dt) — 52— (6v+2)s

—(30v2430v+11)s ‘1>ds—-(3v+%)],

Cy(v) = =271 302 + 30w+ 11)(m + () Y*((1 +v)/2) sin mv)
+(1/36)(128v% + 192v2 + 158y +47) sin 2mv
+(1/18)[ — (256v° + 384v2 + 300 + 86) cos mv
+(128v% 425603 +224v2+ 96+ 18)(T((1 +v)/2)/T(1 +v/2))? cos? mv/2
— 2(448v% + 448y + 131)(T(1 +v/2)/T (1 +v)/2))? sin® mv/2
+(135/2)(2v+1)] sin 7,
Ey(v) = —2"[log 2+ ¥((1 +v)/2) cos? mv/2 +¥(1 +/2) sin? mv/2],
Ex(v) = — 2" Y +@)F*((1 +v)/2) sin mv).

Appendix II: Certain functions related to Bessel functions. Here we shall
consider the differential equation

Y'(s)—s%p(s) =0, —oo<s<oo, '=dlds.

Two linearly independent solutions of this equation, determined by the initial
conditions U,(0)=1, U;(0)=0, U,(0)=0, U;(0)=1, are given by
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Uy(s) = (['@)/2Y2)s V2] _1,4(s%/2) fors = 0, U(s) = Uy(—s) fors <0,
Us(s) = T(3)(25)Y211,4(s2/2) fors 2 0, Uy(s) = —Uy(—s) fors < 0,

where I,(s) is the modified Bessel function of the first kind of order v [14, Chapter 7].
We note that Uy(s)=[1+5*/12+58/672+ - - -], Us(s)=s[1 +5*/20+58/1440+ - - -].
For s20 we also introduce the solution Us(s)=U,(s) ¢ Ur2(t)dt=
QT(3)[7)s 2K, ,4(s2/2), where K,(s) is the modified Bessel function of the third kind
of order ». We have then as s — oo [14, Chapter 7],

Ui(s) = T(3)Q2nms) Y2 exp (s2/2)[1 +3/(45)2+105/2(4s)*+ O(s ~©)],

Ui(s) = (I'(3)/(2m)"2)s 2 exp (s?/2)[1 — 5/(4s)* — 135/2!(4s)* + O(s ~°)],
Uy(s) = (2/=)Y2(3)s ~ 12 exp (s2/2)[1+3/(4s)?+ 105/2!(4s)*+ O(s ~©)],
Us(s) = (2/(m)"®)L(3)s =2 exp (—s2/2)[1 —3/(4s5)*+105/21(4s)* + O(s ~°)],
Uji(s) = —(2/(m)Y?)T(3)s Y2 exp (—s2/2)[1+ 5/(4s)%—135/2!(4s)*+ O(s ~9)].

Appendix III: Equations in integers.

I11.0. Introduction. In the investigation of the asymptotic behaviour of A,(u)
(see introduction) there appear certain equations in integers whose solutions lead
to the determination of the coefficients in the asymptotic development of A,(u).
These equations arise from the relationship between the real zeros of the parabolic
cylinder function and the number of zeros in (0, 1) of an eigenfunction of (1.1-2) cor-
responding to A,(n). Here we shall concern ourselves with stating certain results
for each of three types of equations which appear in the preceding analysis (see [16]).

We shall in the sequel adopt the following notation. For x=0, r and s non-
negative integers, a, and a, positive numbers, let A4, ((x) denote the greatest positive
integer less than [x(a,/a,)'*+4] or zero if such a positive integer does not exist.
Let B, ((x) be the greatest integer less than or equal to ($)4, ((x), and let C, (x) be
the smallest integer greater than or equal to (3)4, ((x). Finally, let

R = {x| x = ((Zj+1)/(2k+1))2, where j and k are integers,
j=0,...,k and k=0, 1, 2,...}.

III.1. The case of p equations. Let {a}?_,, p=2, be a set of p positive numbers.
For nonnegative integer n put:

P

(1IL.1.1) f)y=n+ D A n+d, r=1,..,p.

s=18#r

THEOREM 111.1.1. Let (a,/a,) ¢ R for r,s=1,...,p and r#s. Let m be any non-
negative integer. Then there exists precisely one tuple (r*, n*) such that f1(n")=m.

For nonnegative integer m let R, ={x | x=((2j+ 1)/(2k +1))?, where j and k are
integers, j=0, ..., k, and k=0,..., m}.

THEOREM 111.1.2. Let m be a nonnegative integer. Let (a,/a,) ¢ R, forr,s=1,...,p
and r+#s. Then the result of Theorem 111.1.1 remains valid.
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I11.2. The case of (p+1) equations. Let {a,}?-,, p=1, be a set of (p+1) positive
numbers. For nonnegative integer n put:

folt) = nt 3, Ao n+D),

(1IL.2.1) .
fn) = n+ B+ + D A n+d), r=1,...,p;
fol) = n+ S dou2n+3),

(111.2.2) $=1

P

f) = n+Con+d+ D A n+d), r=1,...,p.

s=1;s#r

THeOREM 111.2.1. Let (a,/a;) ¢ R for r,s=0,...,p and r#s. Let m be any non-
negative integer. Then for each section considered above there exists precisely one
tuple (rt, n*) such that f+(n")=m.

For nonnegative integer m let R,={x | x=((2j+1)/(2k +1))?, where j and k are
integers, j=0,..., k, and k=0,..., 2m+1)}.

THEOREM I11.2.2. Let m be a nonnegative integer. Let (a,/a;) ¢ R, forr,s=0,...,p
and r#s. Then the results of Theorem 111.2.1 remain valid.

II1.3. The case of (p+2) equations. Let {a,}?*3, p=0, be a set of (p+2) positive
numbers. For nonnegative integer n put:

(1) foln) = n+ Bopsr@ntD+ S Aou(2n+3),

P

(III3.I) f;‘(n) = n+Br,0(n+%)+Br,p+ 1(n+%)+ s=1z;s¢r Ar.s(n+%)a

r=1,...,p,if p>0,
P
Sos1(n) = n+Bypy oQn+ D+ D Apyr,(2n+3);
s=1

P

@) fom) = n+Coper@n+3)+ D Ao (2n+3),

s=1

(I11.3.2) Sin) = n+Br,o(n+%)+C,,p+1(n+5)+s=g#' A, (n+3),

P
r=1,...,p,if p>0,

Fooa®) = 1t ByrroCn 4D+ S AparQntd);

s=1

B) fon) = n+Copsrnt)+ S dou2n+3),

sz = n+C,.o(n+%)+Cr,p+1(n+i)+MZW A, (n+3),

r=1,...,p, ifp>0,
P
foe1) = n+Cpp1,o@n+P+ D Apir(2n+3).

§=1
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THeoreM II1.3.1. Let (a,/as) ¢ R for r,s=0,...,(p+1) and r#s. Let m be any
nonnegative integer. Then for each section considered above there exists precisely
one tuple (r*, n*) such that fx(nt)=m.

For nonnegative integer m let R,={x | x=((2j+1)/(2k + 1))?, where j and k are
integers, j=0,..., k, and k=0,..., 2m+1)}.

THEOREM 111.3.2. Let m be a nonnegative integer. Let (a,/a;) ¢ R, for r,s=0, ...,
(p+1) and r+#s. Then the results of Theorem 111.3.1 remain valid.
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